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Abstract—Wireless energy transfer based on magnetic resonant
coupling is a promising technology to replenish energy to a wireless
sensor network (WSN). However, charging sensor nodes one at a
time poses a serious scalability problem. Recent advances in mag-
netic resonant coupling show that multiple nodes can be charged
at the same time. In this paper, we exploit this multi-node wireless
energy transfer technology and investigate whether it is a scalable
technology to address energy issues in a WSN. We consider a wire-
less charging vehicle (WCYV) periodically traveling inside a WSN
and charging sensor nodes wirelessly. Based on charging range
of the WCYV, we propose a cellular structure that partitions the
two-dimensional plane into adjacent hexagonal cells. We pursue
a formal optimization framework by jointly optimizing traveling
path, flow routing, and charging time. By employing discretization
and a novel Reformulation-Linearization Technique (RLT), we de-
velop a provably near-optimal solution for any desired level of ac-
curacy. Through numerical results, we demonstrate that our solu-
tion can indeed address the charging scalability problem in a WSN.

Index Terms—Optimization, wireless

transfer, wireless sensor network.

scalability, energy

I. INTRODUCTION

IRELESS energy transfer based on magnetic resonant

coupling is widely regarded as a breakthrough tech-
nology in our time [12]. By having magnetic resonant coils
operating at the same resonant frequency, Kurs ef al. demon-
strated that energy could be transferred efficiently from a source
coil to a receiver coil via nonradiative electromagnetic field
(without any physical contact, i.e., wirelessly).! What makes
such wireless energy transfer technology particularly attractive
is that it is efficient even under omnidirection, does not require
line-of-sight (LOS), and is insensitive to the neighboring envi-
ronment. Since its inception, magnetic resonant coupling has
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1Tt is important to note that magnetic resonant coupling is different from an-
other technology called radiative energy transfer [17], [19]. The latter has much
lower energy transfer efficiency. See Section II for more details.

quickly found commercial applications (see, e.g., [15], [18],
and [26]).

In [25], we first applied this technology to a wireless sensor
network (WSN) and showed that through periodic wireless en-
ergy transfer, a WSN could remain operational forever, i.e., infi-
nite lifetime. Specifically, we showed that by having a wireless
charging vehicle (WCV) visit each sensor node in the network
and charge it periodically, one can ensure that each sensor node
never runs out of energy.

An open problem in [25] is scalability of wireless charging.
That is, as the node density increases in a WSN, how cana WCV
ensure that each node is charged in a timely manner before it
runs out of energy? The wireless charging technology developed
in [12] was limited to charging one node at a time and is not
scalable as node density increases.

Kurs et al. also recognized this problem and recently de-
veloped an enhanced technology (by properly tuning coupled
resonators) that allows energy to be transferred to multiple re-
ceiving nodes simultaneously [13]. Interestingly, they showed
that the overall efficiency was larger when charging multiple
devices than charging each device individually.

Inspired by this new advance in wireless energy transfer,
in this paper, we explore how such multi-node charging tech-
nology can address the scalability problem in charging a WSN.
Following the setting in [25], we consider a WCV periodically
traveling inside the network and charging sensor nodes. Upon
completing each trip, the WCV returns to its home service
station, takes a “vacation,” and starts out for its next trip. In
contrast to [25], the WCV is now capable of charging multiple
nodes at the same time, as long as these nodes are within
its charging range. Under this setting, we ask the following
fundamental questions: 1) How will a multi-node charging
technology affect the WCV’s travel path, charging time, and
flow routing inside the network? 2) How can such multi-node
charging technology address the scalability problem in a dense
WSN?

To best address these two questions, we propose to take a
formal optimization approach. Given the limitation of a WCV’s
charging range, we propose a cellular structure that partitions a
two-dimensional plane into hexagonal cells (similar to cellular
structure for cellular telecommunications). To charge all sensor
nodes in a cell, the WCV only needs to visit the center of the
cell. Based on a general energy charging model, we formulate a
joint optimization problem for traveling path, flow routing, and
charging time, with the objective of maximizing the ratio of the
WCV’s vacation time (time spent at its home service station)
over the cycle time. We show that our optimization problem
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is a nonlinear program (NLP) and is NP-hard in general. By
employing discretization and a novel Reformulation-Lineariza-
tion Technique (RLT), we develop a provably near-optimal so-
lution for any desired level of accuracy. Using numerical re-
sults, we show that our solution can indeed improve signifi-
cantly upon single-node charging technology and effectively ad-
dress the charging scalability problem in a dense WSN.

The rest of this paper is organized as follows. In Section II,
we review related work on wireless energy transfer. In Sec-
tion III, we describe the mathematical model in our study. Sec-
tion IV presents a formulation of our optimization problem and
discusses several interesting properties associated with an op-
timal solution. In Section V, we develop a near-optimal solution,
and in Section VI, we prove its near-optimality. In Section VII,
we present numerical results to demonstrate our solution. Sec-
tion VIII concludes this paper.

II. RELATED WORK

Current wireless energy transfer technologies can be classi-
fied into three categories, namely, inductive coupling, electro-
magnetic radiation, and magnetic resonant coupling. Inductive
coupling works by having a primary coil at a source generate a
varying magnetic field that induces a voltage across the termi-
nals of a secondary coil at the receiver. Although this wireless
energy transfer technology has found a number of successful
applications in portable electronic devices (e.g., electric tooth-
brush, RFID tags [6], [11], medical implants [24]), it is not suit-
able for charging a wireless sensor node. This is because it has
stringent requirements such as close contact and accurate align-
ment in charging direction, etc.

Electromagnetic radiation is a radiative technology that trans-
fers power on a radio frequency (e.g., 850-950 MHz [17] or
902-928 MHz [19], both with a center frequency of 915 MHz).
Under such radiative technology, an RF transmitter broadcasts
radio waves in the 915-MHz ISM band, and an RF receiver tunes
to the same frequency band to harvest radio power. Radiative
technology has a number of difficulties in transferring energy.
First, it requires uninterrupted LOS and is sensitive to any ob-
struction between an energy source and a receiver. Second, for
omnidirectional radiation, the energy transfer efficiency is very
low. Radiative technology has been explored for energy har-
vesting in a WSN [8], [16], [23]. In [8], He ef al. found that a
receiver could can only obtain about 1.5 mW power when it is
30 cm away from the RF transmitter, with about 1.5% energy
transfer efficiency. Similar experimental findings were also re-
ported in [16] and [23]. Although this technology may alleviate
the energy problem in a WSN to some extent, its applications are
very limited, mainly due to its low energy transfer efficiency.

The third category of wireless energy transfer technology
is magnetic resonant coupling [12], which is regarded as a
major breakthrough in our time and is the technology that we
explore in this paper. This technology works by having mag-
netic resonant coils operating at the same resonant frequency
(i.e,, 9.9 MHz [12] or 6.5 MHz [13]), so that energy can be
transferred efficiently from a source coil to a receiver coil
via nonradiative magnetic resonant induction. Compared to
electromagnetic radiation, magnetic resonant coupling has the
advantages of offering much higher energy transfer efficiency
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even under omnidirection, not requiring LOS, and being in-
sensitive to the neighboring environment. Although efficient
energy transfer in the preliminary experiments by Kurs ef al. is
still limited by meter-range (e.g., 2 m with 60% efficiency [13]),
there have been rapid advances in magnetic resonant coupling
to make it suitable for commercial applications [26] such as
mobile devices (e.g., cell phones, tablets, laptops) and elec-
tric/hybrid vehicles.

In [25], we presented a study on how to exploit magnetic
resonant coupling fora WSN. We showed that by havinga WCV
visit and charge each sensor node individually in the network,
a WSN can remain operational forever (i.e., infinite lifetime).
An open problem that remained in [25] is scalability, i.e., how
can this wireless charging technology cope with growing node
density of a WSN? This is the focus of this paper.

The scope of this paper has fundamental differences from
those in [7] and [20], which studied base-station movement
problem. First, the WCV discussed in this paper serves a com-
pletely different purpose from a mobile base station. The WCV
is employed to charge sensor nodes, while a mobile base station
is used as a sink node for all data that is collected from sensor
nodes. Note that in this paper, we have both a mobile WCV and
a fixed base station. Second, the goal of this paper is to have
each sensor node in the network never run out of energy, i.e.,
infinite lifetime. On the other hand, the goal of [7] and [20] is
to maximize lifetime, under a finite energy constraint at each
sensor node. Due to these differences, existing solution ap-
proaches for a mobile base station such as those in [7] and [20]
cannot be applied to the problem in this paper.

III. MATHEMATICAL MODELING

A. Cellular Structure and Energy Charging Behavior

We consider a set of sensor nodes A distributed over a two-
dimensional area (see Fig. 1). Each sensor node has a battery
capacity of F,,x and is fully charged initially. Denote £,,;,, as
the minimum energy at a sensor node battery for it to be opera-
tional. To support wireless power transfer, we assume that a re-
ceiver coil is installed on each sensor node.? Each sensor node ¢
generates sensing data with a rate R?; (in b/s), s € V. Within the
sensor network, there is a fixed base station (B), which is the
sink node for all data generated by all sensor nodes. Multihop
data routing is employed for forwarding all data streams to the
base station.

To recharge the battery at each sensor node, a mobile WCV
is employed. The WCV starts at the service station (5), and
travels (at a speed of V' m/s) to various spots inside the network
to charge batteries of sensor nodes. As discussed, the WCV can
charge multiple nodes simultaneously as long as they are within
its charging range, denoted as D. The charging range D is deter-
mined by having the power reception rate at a sensor node be at
least over a threshold (denoted as ¢). The power reception rate at
a sensor node 7, denoted as U,, is a distance-dependent param-
eter and decreases with distance between itself and the WCV.
When a sensor node is more than a distance of D away from the
WCYV, we assume its power reception rate is too low to make

2To install receiver coils, there is one-time device cost. Note that a receiver

coil receives energy passively, and thus no energy will be consumed for running
a receiver coil on sensor nodes.
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Fig. 2. Example sensor network with a mobile WCV. Solid dots represent cell
centers, and empty circles represent sensor nodes.

magnetic resonant coupling work properly at the sensor node’s
battery. D is determined by the state of the art in wireless en-
ergy transfer research [13], which will be given in Section VII.
Ideally, we would like to solve a problem where the WCV can
stop anywhere within the two-dimensional plane and charges
sensor nodes wirelessly. However, this problem has an infinite
number of possible locations, thus leading to an infinite size
of search space. To make a concrete step in understanding the
multi-node charging technology, we simplify the problem by
introducing a logical cellular structure and assume the WCV
can only stop at the center of a cell. Specifically, we partition the
two-dimensional plane with hexagonal cells with a side length
of D (see Fig. 2). Therefore, when the WCV makes a stop at
the center of a cell, all sensor nodes in the cell can be charged
simultaneously. We ignore the edge effect where a sensor node
residing outside the cell but inside a circle with a radius of D
can still be charged from this cell. Note that such omission of
overcharging will not affect the feasibility of our solution.
Under the cellular structure, denote D; the distance from node
i to its cell center. Then, node #’s power reception rate is U; =
1(D;) - Upun, where Uy is the full output power from WCV
for a single sensor node and p(D);) is the efficiency of wire-
less power transfer. Note that p(D;) is a decreasing function
of D; and 0 < p{D;) < 1. Although mutual coupling among

TABLE 1

NOTATION
Symbol Definition
ag Arrival time of the WCV at cell & in the first cycle
B Base station

Cy; (or C;p) | Energy consumption for transmitting one unit of data
rate from node 7 to node j (or the base station B)

WCV’s charging range

B Distance from node 4 to its cell center
Distance from node 4 to node j (or the service
station S)

P The distance of path P

The minimum traveling distance in a path P
Full battery capacity at a sensor node

FEnin Minimum energy required to keep a sensor node
operational
ei(t) Energy level of sensor node ¢ at time ¢

fiz (or fiB) Flow rate from sensor node 4 to sensor node j
(or base station B)
L Number of points used in discretizing 7

N The set of sensor nodes in the network

Ni The set of sensor nodes in the k-th cell

P The traveling path of the WCV in a cycle

i Energy consumption rate at sensor node %

Q The set of cells with at least one sensor node

R; Data rate generated at sensor node ¢

S Service station

Urull Maximum output power from the WCV to charge a
single sensor node

U; Power reception rate at sensor node ¢

% Traveling speed of the WCV

@ Path loss index

B1 A constant in energy consumed for data transmission

B2 A coefficient in energy consumed for data transmission

p Power consumption coefficient for receiving data

1) A threshold for a sensor’s power reception rate

€ Targeted performance gap (0 < € < 1)

Nk The ratio of the charging time at cell k£ to the cycle
time

Mkl Discrete points used for discretizing 7,

Nyvac The ratio of the vacation time to the cycle time

Tk The k-th cell traversed by the WCV along path P

T Cycle time

T The time that the WCV stays at the center of cell &

Tyac Vacation time on a path

Tp WCV’s traveling time on path P in a cycle

Trsp Minimum traveling time of the WCV in a cycle

2Kl A binary variable indicating whether or not n; is
chosen, k € Q,l=0,---,L

Yiki Yikl £ 2kl - Pi

w(D;) The power transfer efficiency from the WCV to a

sensor node that is at a distance D,; away

receiving coils at sensor nodes may produce interference that
affects U;, it has been shown in [1] that such effect can be prop-
erly handled by adjusting the resonant and driving frequencies
according to the couplings among the receiving coils.

Under this setting, we are interested in finding out how the
WCYV should travel and charge from these cell centers so that:
1) none of the sensor nodes run out of energy; and 2) some
performance objective can be optimized. In the rest of this sec-
tion, we present a mathematical characterization of the WCV’s
traveling path and cycle time (Section III-B), data flow routing
and energy consumption model (Section III-C), and energy dy-
namics at a sensor node (Section III-D). Table I lists notation
used in this paper.

B. WCV Traveling Path and Cycle Time

Denote Q as the set of hexagonal cells containing at least
one sensor node (see Fig. 3). Re-index these cells in Q as
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Fig. 3. Example sensor network with a WCV. Only those cells with sensor
nodes are shown in this figure.

k=1,2,...,|Q| and denote N}, the set of sensor nodes in the
kth cell. Then, N = Ureo Ny.

Denote 7 as the time that the WCV stays at the center of
cell & € Q. Throughout 7, the WCV recharges all sensor
nodes within this cell simultaneously via multi-node charging
technology [13]. After 7, the WCV leaves the current cell and
travels to the next cell on its path. In our formulation, we as-
sume that the WCV visits a cell only once during a cycle. De-
note P = (m,,m,,... 1T )+ o) as the physical path traversed
by the WCV during a cycle, which starts from and ends at the
service station (i.e., 7, = .5), and the kth cell traversed by the
WCV along path P is«,, 1 < k£ < |Q|. Denote D, as the
physical distance of path P and 7, = D, /V as the time spent
for traveling over distance D .

After the WCV visits the | Q)| cells in the network, it will re-
turn to its service station to be serviced (e.g., replacing its bat-
tery, taking a vacation) and get ready for the next trip. We call
this resting period vacation time, denoted by 7. Denote 7 as
the time of a cycle spent by the WCV. Then, this cycle time 7
can be written as

T=T,+T —|—E T
r vac ker

where > keo Tk is the total amount of time the WCV spends for
battery charging. We assume that the WCV has sufficient energy
to charge all sensor nodes in a cycle.

(1)

C. Data Flow Routing and Energy Consumption

To model multihop data routing, denote f;; and f;5 the flow
rates from sensor node ¢ to sensor node j and the base station I3,
respectively. Then, we have the following flow balance con-
straint at each sensor node i:

it it
ZkEka:i + I = Zje./\ffij + fis

Although both flow routing and flow rates are part of our opti-
mization problem, we assume they do not change with time.

In this paper, we use the following energy consumption model
at each sensor node [9]. To transmit a flow rate of f;; from
node i to node 7, the transmission power is C;; - f;;, where C;;

ieN). (2
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is the rate of energy consumption for transmitting one unit of
data from node 7 to node j. C;; is modeled as

Cij = ,@1 + /BZD;}

where D;; is the distance between nodes i and j, 5 is a dis-
tance-independent constant term, J2 is a coefficient of the dis-
tance-dependent term, and « is the path-loss index. Similarly,
denote C;p as the rate of energy consumption for transmitting
one unit of data from node ¢ to the base station B. Then, the
aggregate energy consumption rate for transmission at node ¢ is
Zj,éz\/ Cij - i + Cip - fiB.

The ener%y consumption rate for reception at node ¢ is mod-
eledasp ké\/ fri, where p is the rate of energy consumption
for receiving one unit of data.

Denote p; as the energy consumption rate at sensor node i €
N, which includes energy consumption for transmission and
reception. We have

hi i ,
Di = pzkeme + ZjeNCz:jfi,j +Cigfin (i € N).

)

D. Energy Dynamics at a Sensor Node

In Section III-B, we discussed the WCV’s behavior over a
cycle time 7, during which the WCV starts from the service
station, travels to those cells with sensor nodes, and returns to
the service station (see Fig. 3).

Multi-Node Charging Versus Single-Node Charging: In our
previous work in [25], we considered a WCV visiting each node
and charging it individually. In that context, we introduced a
concept called renewable energy cycle, during which the en-
ergy level at each node exhibits a periodic behavior with a cycle
time 7. Specifically, the energy level of a sensor node exhibits
a renewable energy cycle if it meets the following two require-
ments: 1) it starts and ends with the same energy level over a
period of 7; and 2) it never falls below E,;,,. A central idea in
achieving a renewable energy cycle in [25] is that the amount of
energy being charged to a node is equal to the amount of energy
that the node expends in a cycle. However, such an idea cannot
be extended to our multi-node charging context here. This is be-
cause, for each node in the same cell, its remaining energy level
(when the WCV arrives at the cell) differs, as do energy charging
rate and consumption rate at each node. As a result, nodes in the
same cell will not complete their battery charging at the same
time, and those nodes that finish early will run into a “satura-
tion” state (i.e., battery level remains at F,,) until the WCV
departs this cell (see Fig. 4). Due to such this “saturation” phe-
nomena, the idea of achieving a renewable energy cycle cannot
be applied here.

Cell-Based Energy Constraints: We now develop constraints
to capture the saturation phenomena while ensuring that the en-
ergy level of each node never falls below F,,;,. Denote ¢;(t) as
node #’s energy level at time . The energy curve of node 7 € A,
in a cell % for the first three cycles is shown in Fig. 4. For any
cycle, we see that there can be only three possible slopes: 1) a
slope of —p; when the WCV is not in node z’s cell; 2) a slope
of (U; — p;) when the WCV is at node ¢’s cell and is charging
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Fig. 4. Energy level of node i € A, during the first three cycles.

node ¢ at rate U;3; and 3) a slope of 0 (i.c., saturation period)
when node 7 stays at £, while the WCV is still charging.
Denote ay, as the arrival time of the WCV at cell & in the first
cycle. Denote D7r0 =, as the distance between the service station
and the first cell visited along P and Dﬁl 7, 85 the distance
between the /th and (I + 1)th cells, respectively. Then, we have

k-1 k-1
a —ZM_FZT E=1.2 |Q|
T — Vv T S et AR .
1=0 =1

Note that e;(m7 + ay.), m € N, is a local minimum for e; ().
To have ¢;(t) > Eu, forall ¢ > 0, it is sufficient to have

ei(mt +ag) = ei(mt) — ap - pi > Ewin
forallm € N,i € My, k € Q.

When m = 0, e;{(ag) = ¢,(0) — ag - pi = Frpax — ok - pi.
For ¢;(ag) > FEyyin, we must have

Emax — Qg P 2 Emin (l S -’Vka k S Q) (4)
When m > 1
ei(mr 4+ ap) = e;(m7) — ap - p;
=¢;((m— )7+ ap + 1)
—{mr —[(m—-1)7+ar+ 7]} - p:
— Qg - P
=e(m—Dr+ar+71)— (T — 1) pi
S Emax - (7— - Tk) *Pi (5)

where the last inequality holds since ¢; cannot exceed Fiax.
For (5), if e; (7 4+ ay) > FEmin for all m > 1, then we must
have
Enlax - (T - Tk) iy 2 Elnin (7' S A’fka k S Q) (6)
Now we show that once (6) holds, (4) must also hold. Therefore,
we can remove (4) in the formulation. To see this, we have aj, +
T < 7, which leads to Eux — ar - p; > Enax — (7 — 7T8) - 24
Note that (6) is a necessary condition for ¢;(¢) > E,i,. The
following is a second necessary condition for ¢;(t) > Fyyin:
(i e N, ke Q)

T'pi_Ui'TkSO (7)

3Note that it is necessary to have L'; > p, for i € A to achieve a feasible
solution.

which says that U; - 7, the amount of energy being charged
to node 7 € W}, during the time period of 71, must be greater
than or equal to 7 - p;, the amount of energy consumed during
the cycle. Equation (7) can be easily proved by showing that if
T-p; — U; -1, > 0, then e, (#) will fall below F.,;, eventually
at some time %.

We have shown that (6) and (7) are necessary conditions for
e;(t) > FEyin. It turns out that they are also sufficient condi-
tions. We state this result in the following lemma.

Lemma 1: ¢;(t) > Euy, forallt > 0,: € A, if and only if
both constraints (6) and (7) are satisfied.

The proof of Lemma 1 is given in the Appendix.

The following corollary follows from the proof of Lemma 1.

Corollary 1.1: When the WCV departs cell &£, k£ € Q, each
sensor node ¢ € Ny, is fully charged to Fp.x.

IV. PROBLEM FORMULATION AND PROPERTIES

Based on the constraints that we have discussed in Section III,
we consider optimizing some global performance objective. In
particular, we would like to minimize energy consumption of
the entire system, which encompasses all energy consumption
at the WCV .4 Since the energy consumed to carry the WCV
to move along P is the dominant source of energy consump-
tion (when compared to its wireless charging to sensor nodes),

we aim to minimize the fraction of time that the WCV is out-

L

. . . . . Tpt e Tk .. .
side its service station, i.e., — “££2 — 5 It is interesting that,

by (1), minimizing WET% is equivalent to maximizing
T”:" , which is the percentage of time that the WCV is on vaca-
tion at its service station.

Mathematically, this is a very challenging objective, as it in-
volves a ratio of two variables. Therefore, a successful solution
to this optimization problem will help pave the way to solve
many other optimization problems with simpler objectives.

We now summarize our optimization problem as follows:

-
Time constraint: (1);

maXx

S.t.
Flow routing constraints: (2);
Energy consumption model: (3);
Cell-based energy constraints: (6), (7).
T, TPvTW,mTk?.fijafiB Z 0 (1] € -/\/f7i 7& ])
0<pi<Ui  (ieN).
In this problem, time intervals 7, 7, 7,,., and 7%, flow rates
fi; and f;5, and power consumption rate p; are optimization
variables; It;, p, Cs;, Cig, U;, Emax, and Epj, are constants.
Note that 7, can be determined once the traveling path P is
determined.
This problem is an NLP, with nonlinear objective (TT“) and
nonlinear terms (7 - p; and 73 - p;) in constraints (6) and (7).
4Note that except for their initial energy, the energy consumed in the sensor
network comes from the WCV.

SWe include the energy consumed at a WCV when it makes stops at a cell
because the WCV’s engine may be still on.
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An NLP is NP-hard in general. Nevertheless, we can still find
several useful properties associated with an optimal solution.

Property 1: In an optimal solution with the maximal Twe
the WCV must move along the shortest Hamiltonian cycle that
connects the service station and the centers of cells k£ € Q. If
the shortest Hamiltonian cycle is not unique, then any shortest
Hamiltonian cycle can achieve the same optimal objective. Fur-
thermore, the WCV can follow either clockwise or counter-
clockwise direction of the shortest Hamiltonian cycle, both of
which will achieve the same optimal objective.

A proof of this property can be developed based on contradic-
tion. That is, if there is an optimal solution where the WCV does
not move along the shortest Hamiltonian cycle, then we can con-
struct a new solution with the WCV moving along the shortest
Hamiltonian cycle and with an improved objective. Since it
shares a similar idea to a proof in [25], we omit it here to con-
serve space.

The shortest Hamiltonian cycle can be obtained by solving
the well known Traveling Salesman Problem (TSP) [2], [4]. De-
note D .., as the total path distance for the shortest Hamiltonian
cycleand 7, = D, /V. Then, (1) becomes

T = § k’eOTk ~ Teae = Trgp-

The solution to our problem becomes ¢ = (Pr.p:T, Trap,
Too:Ths figs fip.pi). Since the optimal traveling path
is determined, we simplify the notation for ¢ as ¢ =
(T Towes s figs fimy i)

. For (8), we (11V1de both sides by T and have 1 — ZkEQ b —
vae — 7 . - =. We define 7, .. represents
the ratio of the vacation time to the entlre cycle tlme and is our
objective function in the optlmlzatlon problem. Similarly, we
define n;, = T" ,fork € Q,and h = =, where 7, represents the
ratio of the charglng time at cell k to the entire cycle time. Then,
®)is written asl—> pcoM =1, = - h, or equivalently,

®)

T, 7.

’T\P

5= ico 1~*77w'
S1m11arly, by d1V1d1ng both sides by 7, replacing 7= with 7,
and replacing L with ~ he T enc -, (6) and (7) can be refor-
TSP
mulated as
1- 7
(1 - 77k) ©Di S (Ernax - Elnin) ‘ ZJGQ B e
TTSP
(i € Ny, k € Q)
pi —U; -, <0 (i € N,k € Q). )
We can rewrite (9) as
< 1 _ 151—‘ 1 _ N-p:
v“ - Z 771 max - Emin ( nk) pi
jeQ
(i € Ni. k€ Q).
Now our problem is reformulated as follows:
OPT
max 7.
i ki .
s.t. Z/‘er + fig — Zkevf =R (i e N)

J#
Z Cu fl_]+C7B le ])1—0
(ieN)

k1
r Zke\/
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|- First cycle ~=—— Second cycle ~—— —

Saturation

Third cycle

Eyin I l
f ;

T T THap+ T

0 ap ap + T 27 2T +ap 27 +ar + T 3T

Fig. 5. Energy level of an equilibrium node ¢ € A/, in the first three cycles.

Neae <1 — Z},»GQW - EBLZT%PEO — k) - Pi
(ieNe,ke Q) (10)
p; —U; e <0 (i e Ni, ke Q) (11
Jigy fip 20, 0<p; < U, 0 <y, <1
(i,7 e N,i # 7).

In this problem, fi;, fin, pi, 1..., and 7 are optimization
Variables; Ri7 Ps 0LJ7 OLBa Ui; Emaxa EIIliIl) and Trgp are con-
stants. Once we obtain a solution to problem OPT, we can re-

cover 7, T, and 7, as follows:
7—TSP
T = (12)
L =2 heolh = M
Tk =T 7k (13)
Teae = T " Myae- (14)

In an optimal solution to OPT, we show that there exists at
least one bottleneck node, which is defined as the node whose
energy level drops exactly to F;;, upon WCV’s arrival.

Property 2: In an optimal solution to OPT, there exists at least
one bottleneck node in the network.

The proof of Property 2 is given in the Appendix. Based on
Corollary 1.1, we know that when the WCV departsacell &, k €
Q, each sensor node in this cell is fully charged to Eysx. Fur-
thermore, some nodes may experience saturation state during
each cycle. The following property says that in an optimal so-
lution, at least one sensor node in each cell £ € Q will have
saturation-free cycles except its initial first cycle (see Fig. 5).

Property 3: In an optimal solution to OPT, there exists at least
one node in each cell £ € Q such that, starting from the second
cycle, the amount of energy reception at the node is the same as
the amount of energy consumption in the cycle.

The proof of Property 3 is given in the Appendix. We call the
node in Property 3 an equilibrium node. Note that the definition
of equilibrium node is different from the bottleneck node.

V. NEAR-OPTIMAL SOLUTION

A. Approach

Problem OPT is an NLP, with bilinear terms (7, - p; ) in con-
straints (10). This nonlinear (bilinear) program is nonconvex [5]
and cannot be solved by existing off-the-shelf solvers.

In this section, we convert the NLP to a mixed-integer linear
program (MILP), which can then be solved efficiently by an
off-the-shelf solver such as CPLEX [10]. First, we discretize
variable 73 in the bilinear term 7, - p; using binary variables.
This converts problem OPT to a 0-1 mixed-integer nonlinear
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[ Problem OPT (NLP) }

Discretization
( € performance gap)

/

Problem OPT-D (MINLP)

RLT
' (Zero performance gap)

Problem OPT-RLT (MILP)
SOS of type 1

Fig. 6. Flowchart of our solution roadmap.

program (MINLP). By exploiting the special structures of the
0-1 MINLP, we employ a powerful technique called Reformu-
lation-Linearization Technique [21] to eliminate all bilinear
terms. Subsequently, we have a 0-1 MILP, and we show that
this new 0-1 MILP and the 0-1 MINLP have zero performance
gap. This MILP has special ordered sets (SOSs), which can be
efficiently solved by CPLEX solver [10]. We quantify perfor-
mance gap (due to discretization) and prove near-optimality of
our solution. A flowchart of our solution roadmap is given in
Fig. 6.

B. Discretization

As a first step to reformulate the NLP to MILP, we consider
the bilinear term 7, - p;. Since 7). is a continuous variable within

[0, 1], we discretize it by using L + 1 discrete points ni = +,
I =0,1,..., L. Then, we write
L
e = leonkl " 2kl ke 15)
L
ZH]ZM =1, keQ (16)

where zy; is a binary variable that indicates whether or not 7,
is chosen. By (15), the term #, - p; in (10) can be rewritten as
e Di = Yo"k * Zki - Pi, wWhich remains a bilinear term
involving binary variables z;, [ = 1,2, ..., L. This makes the
problem a 0-1 MINLP, which is formulated as follows:

OPT-D

max 1.
J#e ki
s.t. Zjej\/fz‘j + fiB — Zke,/\/fk’i =R,
ki %
piZkeN’fk""+Z;‘eNc"’j fij+Ci- fip—pi=0
(ieN)
L Tra
=1- PR R —
lowe S 4 ZjGQZl:()nﬂ “it Ernax — Fmin
L
i - Z,:O”/k‘l "2kl Pi)

(Z E ’/\/’kak E Q)

L
Pi — Uizl:o"lkl 2k <0
(i S ,/\/’k-,,]%' c Q)

(ieN)

(17

(18)

I
Zl:[)zkl =1 (lﬂ S Q)
fij. i 20, 0<p; <U;, 0<y, <1

(1. € N,i#j)

ZME{O,I} (iENk,kEQ,l:O,...,L).

C. Reformulation and Linearization

To remove the nonlinear terms zg; - p; in the 0-1 MINLP, we
employ a powerful technique called RLT as follows. Define

19

Then, Zf:o )kl Zk1 - Pi can be is rewritten as Zf:o Nkl 2kl Di =
Yoo Mkt - Yikis 1 € N, k € Q.

To replace the nonlinear constraint (19), we need to add RLT
constraints, which are linear. The new linear constraints are gen-
erated by multiplying existin&g linear constraints for variables
Zkl and PDis which are 1 — 1= 2kl = (), Zki 2 (), Pi 2 () and
U; — p; > 0. It is worth pointing out that RLT in [22] typically
refers to multiplying each pair of these constraints (i.e., refor-
mulation) and generating linear constraints via variable substi-
tution (i.e., linearization). For our problem, this will produce
several redundant or null constraints. To reduce such redun-
dancy, we exploit a special structure of our problem, i.c., the
presence of equality constraints 1 — Z{;U zry = 0. It is only
necessary to multiply these constraints &and 2z 2 0)byp; >0
and U; — p; > 0. Multiplying 1 — > ;" gz = O by p; > 0
gives us

Yikt = 2kt - Piy i €N k€@, 1=0,...,L

L

S smi=pi

which can be written as

ie€NL, ke @

L
Z’Vik-l, = Di, ieN, ke Q. (20)
1=0

Multiplying 1 — Z{J:o zg = 0 by U; — p; > 0 simply pro-
duces constraint (20), or 1 — Z,L:O 2z = 0ifU; —p; > 0, or
U; — p; = 0, none of which is new.

Multiplying p; > 0 and U; — p; > 0 by z;; > 0, respectively,

we have the following RLT constraints:

0 <z -pi < Uz, 1ENL, ke @, 1=0,....L

which can be written as

0 < 7virt < Uiz, i€NkeQl=0,...,L. (21)

In summary, the new RLT constraints are (20) and (21). By sub-
stituting (19) for zx; - p;, and adding the new RLT constraints
(20) and (21), we obtain the following 0-1 MILP:

OPT-RLT

max 1,

i ki
s.t. ZjeNfij + fip — Zkekai =R;
ki it
p'zke\/.fki“‘zjevcij'fij"‘CiB'fiB_pi:O
(1eN)

(teN)
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L T
< 1= E E ey — —YSP
nvac - 7€Q l:[)n‘ll Jl Exnax - Emin

L
’ (Pi - leo'flkl '%‘kl)

(i€ Ne,ke Q) (22)
L .
Pi — Uizlzonkl 2 <0 (1 €N ke Q)
L
leozkl =1 (ke Q)
L
Yikt — pi =0 (i € Np,k € Q)

1=0
ikl — Uszpg <0 (i €eNwkeQ,l=0,...,L)
fij: fin 20, 0<p; <U;, 0<n,, <1
(1.7 €N,i# )
Yier >0, zm€{0,1}  (i€N, k€Q,1=0,...,L).
In this problem, fi;, fig. Pi; ..., and v;;; are continuous
variables; zx; are binary variables; R;, p, Ci;, Cin, Ui, ni,
Eax, Emin, and 7., are constants. The integer variables zy,,

TSP
[ =0,1,..., L, are constrained by (16) and form an SOS of
type 1 (meaning that at most one of the variables in the set may
be nonzero) [3]. It turns out that such a special type of MILP
is particularly suitable for CPLEX solver as CPLEX can use
special branching strategies to improve performance [10].

Through RLT, we have eliminated all bilinear terms in the
0-1 MINLP and have obtained a 0-1 MILP. A natural question
to ask is how much the performance gap is between the optimal
solutions under MINLP and MILP. The following lemma says
that the performance gap between the two is zero, thus substan-
tiating the benefits of employing RLT in our solution approach.
By zero performance gap, we mean there is a bijection from
the feasible region of problem OPT-D to the feasible region of
problem OPT-RLT, and vice versa; any two feasible solutions
corresponding to this one-to-one mapping achieve the same ob-
jective value.

Lemma 2: Problem OPT-RLT and problem OPT-D have zero
performance gap.

Proof: Our proof consists of two parts.

(i) If a solution v, = (fij, fi> Pis Moo #ki1) is feasible
to problem OPT-D, then the solution ¥, = (fi;, fin.
Dis Noues Zkls Viki) 18 also feasible to problem OPT-RLT,
where Yikl = Pi " Zkl.

(i) If a solution ¢ = (fij, fiB, Pis lhaes 20, Virt)
is feasible to problem OPT-RLT, then the solution
¥y, = (fij, fig. Di, M..r 211) 1s also feasible to problem
OPT-D.

We shall prove that if both (i) and (ii) hold, then there is

a bijection from the feasible region of problem OPT-D to the
feasible region of problem OPT-RLT, and vice versa; for any
one-to-one solution mapping between ¢, and %, their ob-
jective values are the same.

For the first part, suppose we have a solution %, =
(fijs JiByPis oo #1a) that is feasible to problem OPT-D.
To show that ¢, .. = (fij, fiB, Pis Meaes 2kt Viki) s feasible
to problem OPT-RLT, we need to show that ¢ . satisfies
constraints (2), (3), (16), (18), and (20)—(22). Since ¢, is fea-
sible to problem OPT-D, ), satisfies constraints (2), (3), and
(16)—(18). For 4., since the values of f;;, fig,p;, and zi,
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A Near-Optimal Solution Procedure
Given a target performance gap €.
2. Let L= |1=2l]

3. Solve problelﬁ OPT-RLT by CPLEX with a solution ¢y . = (fij, fin,-
Di> Nvac > Zkls> Vikl)-

4. Construct a feasible solution v = (fi;, fiB, Pi> Nyac»> Mk) to problem
OPT via Lemma 3.

5. Recover 7, Ty, Ty, by (12), (13) and (14), respectively.

Fig. 7. Summary of the proposed near-optimal solution procedure.

are the same as those in v, , 9, must also satisfy constraints
(2), (3), (16), and (18). To verify constraint (20), we multiply
(16) by p; on both sides and have Zf:o Zkl - P = Py, O
equivalently, ZIL:O ~Yikt = pi. Similarly, we can verify (21) by
multiplying 0 < p; < U; by 2zx; on both sides. From (17), since
Yikl = Di - Zk1, (22) holds. This completes the proof of (i).

For the second part, suppose we have a solution ), =
(fij. [iByDis N> 20, i) that is  feasible to problem
OPT-RLT. To show that ¢, is a feasible solution to problem
OPT-D, we need to show that ¢, satisfies constraints (2), (3),
and (16)—(18). Since 9, is feasible to problem OPT-RLT,
..o satisfies constraints (2), (3), (16), (18), and (20)—(22).
For 7, since the value of f;;, fip, p:, and zy; are the same as
those in ¥, ., ¥, must also satisfy constraints (2), (3), (16),
and (18). Now we show that ¢/, satisfies (17). Since v, .,
satisfies (22), it is sufficient to show that v,y = p; - zgi. To
have 7;x; = p; - 21, we need to show that v;,; = 0 if 2z; = 0
and v;x; = p; if 25z = 1. These are assured by (16), (20), and
(21). By (16), for each & € Q, there is only one zy,, = 1,
0 < m < L, and other z; (I # m) equal 0. By (21), the
corresponding ;z; must be 0, for all i € Ay, I # m. Then, by
(20), the single zj,, that equals 1 suggests vix., = p;, for all
i € N},. This completes the proof of (ii). [

D. Recovering a Solution to the Original Problem

By now, we have obtained a solvable 0-1 MILP. Once we
have an optimal solution to this MILP, the question to ask is how
to recover a feasible solution to the original problem (OPT). As-
suming we have a solution ©,,,,, = (fij, fiB, Pir Teaes Zhls Yikt)
that is optimal to problem OPT-RLT, by Lemma 2, the
solution ¥n = (fij, fiB+PisMe,ns 211) 1S also feasible to
problem OPT-D. Based on 1, we can construct a solu-
tion ¥ = (fi;, fig,Pi."N,.., M) to problem OPT by letting
Me = Z{;o Mkt - #ki, and fi;,fig, pi, and 77, unchanged from
b, . Note that 1) is a feasible solution to problem OPT since the
constraints in problem OPT are the same as those in problem
OPT-D after we replace 7. by Zf:o Nl * 2. Since v is only
a feasible solution to problem OPT, its objective value 7, isa
lower bound for problem OPT. We summarize our discussion
in the following lemma.

Lemma 3: For a given optimal solution .., =
(fij. fiBsPis N 20, Yik) to problem OPT-RLT, we can
construct a solution ¢ = (f;;, fim, pi, ..., 1) that is feasible
to Problem OPT by letting 7, = Zf:o gl - 2. Furthermore,
7... 18 a lower bound for the optimal objective value of Problem
OPT.

We summarize our near-optimal solution procedure to OPT
in Fig. 7.
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Construcl a feasible solution
to problem OPT-RLT

Fig. 8. Illustration of main idea in the proof of Lemma 4. 7
tive value under an optimal (unknown) solution ¢:* to problem OPT. ... is
the objective value under an optimal solution >, .. to problem OPT-RLT that
is obtained by solving the 0-1 MILP (OPT-RLT). 4, is the objective value
obtained by the constructed feasible solution z/' to problem OPT-RLT.

.. is the objec-

"RLT

VI. PROOF OF NEAR-OPTIMALITY

Recall that our original problem is OPT, which is an NLP.
We converted this NLP to a 0-1 MINLP via discretization
(problem OPT-D) and then to a 0-1 MILP via RLT (problem
OPT-RLT). We proved that problem OPT-D and problem
OPT-RLT have zero performance gap. Hence, the performance
gap between problems OPT and OPT-RLT could only occur
during discretization.

Quantifying Performance Gap: By solving problem OPT-
RLT, we obtain an optimal solution #),,,,,. to problem OPT-RLT.
Denote 1* the optimal (unknown) solution to problem OPT. De-
note ), the optimal objective value obtained by ¢,,, .. and " _
the optimal objective value obtained by *, respectively. Natu-
rally, the gap between 7, andn* is closely tied to L, which is
the number of discrete points used in discretization. We quan-
tify this gap in the following lemma.

Lemma 4: Foragiven L, wehaven” —1n <
Proof: We consider two cases, dependlng on whether
:r < 'Q| or n > %
Case i Suppose nt <

N S
Case ii: Suppose noo> ‘2| . This is the most common
case. The rest of the proof is devoted to this case, and its main
idea is illustrated in Fig. 8. Denote T/JR Lr as a feasible solution to
problem OPT-RLT and 1), as the objective value under ¢, ..
Since 7, is the objective value of an optimal solution 1/;
to OPT-RLT, we have 0 < 4,,. < 7,,.. To show that *

Mae = ‘%, it is sufficient to show that n* — 7, < ‘QT for
some feasible solution 4, ,.. In the following proof, we will
construct such a feasible solution 1,7) to problem OPT-RLT
so thatn” -7, < 3

Recall that an 0pt1mal (unknown) solution * to problem

OPT consists of ([, fig, P+ ]:rj}k) For a given L, we

construct a solution ¢, = (fmsz D, ’/wcfkl Ying) for
problem OPT-RLT based on ¢™ = (f, fip.pi 0l . np) as

follows. We let f;; = fi}fz:B = fr5,and p; = p}. Then, for
the rest of the solution . (i.e., 7., 2k, and iz1), we do
the following. First, we round “up” 7; to the nearest discrete

< 1€l

1

2L This is the trivial case. Since
M. >0, wehaven’ < 2l

h

RLT

RLT

point 7, = %, where £ = [#} - L]. The rounding error for
each k € Qis
N 1
e~ < 7 23)
For Zg, we set Zge = 1 and 2y = 0, forl = 0,..., L, [ # £.

P, fori € Ny, k € Q,
based on (22), we set it to

Then, for Y;x1, we set Vi1 = Zpi
{=0,1,..., L. Finally, for7,__,
,..= min

vae ieM,,k«eQ{ Z;eozz 0 =
T R L
e ~<pi—zlon m)}. (24)

Now we prove that the above newly constructed t/A)Rm,
(fij: [iBsDis Naes 20ty Yirt) 18 indeed a feasible solution to
problem OPT-RLT. That is, we will show that 'I/AJRLT sat-
isfies constraints (2), (3), (16), (18), and (20)—(22). Since
¢* is an optimal solution to problem OPT, ¢* satisfies
). (). (10), and (11). Since fi; = f.fis = [ion
and p; = p], ¥, also satisfies (2) and (3). From the
construction of Z;; and #;z;, we know that t/A'JRw satisfies
constraints (16) and (20). Now we consider (18). We have

—U; Zl oMkt Ew < pf — Ui r/k < 0, where the first
1nequa11ty holds due to p; = p; and Zz o Tkt * 2kt = Tke > 1
(because Zpe = land £y = 0,1 = 0,1,...,L, 1 # &), and
the second inequality holds since " satisﬁes (11). To verify
constraint (21), we multiply 0 < p; < U; by 2, and have
0< Zy-pi <U; -2y, or equivalently, 0 < A S U; - 2.
Constraint (22) can be verified directly from (24). Thus, the
newly constructed solution ., .. is indeed a feasible solution
to problem OPT-RLT.

Now we show thatn® —# < % Since 1 is an optimal
solution to problem OPT, constraint (10) must be binding for

some 7 € N under ©*. That is
* . *
7. = min i — —1 n.) - P,
vac 1€EN BEQ Z J IIch\ - Enun( k) ‘
(25)
We have
¥ 0
Moo ™ Thac
. Trsp * *
= min 7 71—7 - D;
PEN:.kEQ Z i~ Erax — Emin( Ii) P
JEQ
L
— 1min 1- 1 s
1ENGE . KEQ Z Z it 7t
JEQ I=0

L
Emax : Erin (pl g kel 'szl)
L
= DD mE = Yo

jEQ I=0 jeQ
o Tmse 0 ax {(L=n})-p}
Emax — Euin (€N, k€Q
max min
L
-
TSP " .
- max P — E et - Akt
Ema.x - Emin iCNL,kCQ { ? prs 2
= . *
- Mig — 7;
jeg jEQ
T
TSP " N
- 7= 5 . max 1—nf)-p!
Erax — Emin iENk,keQ{( k) 7,}
L
S T i (T O £ E Mt~ 2t - i
Erax — Fuin €Ny keQ ? — P

Z nje —17)
co
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TSP y * *
- —2F . max 1—wn) - p;
Emax - Emin {ENL, kEQ {( k) ¢ }
T. .
+ T8n - max 1—me) - pf
Emax - Emin 1ENG . REQ {( E) ¢ }

X Q
< (me ) <2
jeQ

where the first eqLuality holds by (25) and (24), the third equality
holds due to ) ;Z ;711 - 21 = mje (since only 2, = 1 and
21 =0,1=0,1,...,L 1 # &) and Yixi = 2k - Pi, the fourth
equality holds due to p; = p; and S22 Mis - 2 = 7ke, the
sixth inequality holds due to s > 7}, for & € Q, and the last
inequality holds by (23). This completes the proof. [ |
Performance Guarantee: Lemma 4 gives an upper bound of
the performance gap between . and »”* _ for a given L. The
following lemma shows how to choose L so that this perfor-
mance gap is no more than € (0 < € < 1).
Lemma 5: Foragivene, 0 < e < 1,if L = ['%‘],we have
Mo = Thae S €
Proof: By Lemma 4, we know n* —n, < % To have
0 —1,. <€ itis sufficient to have ‘% <eorl = [@]

€

This completes the proof. [ |

VII. NUMERICAL RESULTS

In this section, we present some numerical results to demon-
strate our proposed solution. We also demonstrate how our solu-
tion can address the scalability issue when the density of sensor
nodes increases.

A. Simulation Settings

We assume sensor nodes are deployed over a
1000 x 1000-m? area. The number of nodes in the net-
work will be specified for each instance in the study. The
base station is at (500, 500) (in meters), and the WCV’s
home service station is assumed to be at the origin. The
traveling speed of the WCV is V' = 5 m/s. The data rate I?;,
i € N, from each node is randomly generated within [1,10]
kb/s. The power consumption coefficients are 3; = 50 nl/b,
B2 = 0.0013 pJ/(b-m?), and p = 50 nJ/b [25]. The path-loss
index is o = 4.

For the battery at a sensor node, we choose a regular NiMH
battery, and its nominal cell voltage and electricity volume is
1.2 V/2.5 Ah. We have Epax = 1.2V x 2.5 A x 3600 s =
10.8 kJ [14]. We let By, = 0.05 - Epax = 540 J. For (D),
we refer to the experimental data on wireless energy transfer ef-
ficiency in [13]. Through curve fitting to [13, Fig. 3], we obtain
w(D;) = —0.0958D2—-0.0377D;+1.0. Assuming Upy = 5 W
and 6 = 1 W, we have D = 2.7 m for a cell’s side length. We
set € = 0.1 for the numerical results.

B. Results for a 100-Node Network

We first present complete results for a 100-node network.
Table II gives the location of each node and its data rate for the
100-node network. These 100 nodes are distributed in | Q| = 32
selected cells, and Table III gives the location of each cell as
well as the number of sensor nodes it contains. The shortest
Hamiltonian cycle that threads all cells & € Q and the ser-
vice station is found by the Concorde TSP solver [4], which
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TABLE 11
LOCATION AND DATA RATE R; FOR EACH NODE IN A 100-NODE NETWORK

Node Location R; Node Location R;
index (m) (kb/s) index (m) (kb/s)
1 (140.8,905.4) 3 5T | (613.9,4741) 9
2 (977.8,913.0) 5 52 (837.1,6.1) 2
3 (679.9,92.7) 4 53 | (635.8216.4) 4
4 (325.8,378.1) 5 54 | (165.7,109.6) 7
5 (196.2,526.8) 8 55 (634.9,218.4) 1
6 (546.5,967.0) 2 56 (747.2,33.2) 7
7 (323.4,329.4) 7 57 | (821.4,608.6) 5
8 (747.7,33.4) 3 58 | (250.1,839.1) | 10
9 (838.3,678.0) 1 59 | (990.6,617.0) 6
10| (692.5.461.4) 9 60 | (977.9,909.0) 4
11| (918.4,517.9) 1 61 | (585.6,623.4) 5
12| (613.6476.1) 1 62 (678.6,91.7) 1
13| (586.2,621.8) 4 63 | (613.5,475.9) 1
14 (440.2,17.7) 4 64 (438.8,17.3) 2
15 | (813.3,749.9) 7 65 | (836.5,680.4) | 10
16 (886.2,612.7) 7 66 (321.9,331.2) 3
17 | (804.9,329.4) 5 67 | (752.3,714.6) 9
18 | (633.7.218.4) 4 68 (679.6,93.7) 8
19 (753.3,713.0) 9 69 (838.0,677.4) 6
20 | (163.7,108.6) 2 70 | (897.2,709.2) 2
21 | (672.0318.1) | 10 71 | (750.8,712.4) 3
22| (250.2,840.1) 1 72| (635.5,217.4) 7
23| (732.3,965.0) 4 73| (585.4,622.0) 6
24| (197.4,6722) 6 74 | (732.0,966.2) 3
25 (92.7,967.7) 1 75 (91.5,971.3) 2
26 | (990.1,617.4) 4 76 | (918.6,514.1) 2
27 (804.3,352.0) 7 77 (166.0,109.0) 8
28 | (821.5,609.8) 7 78 (90.6,967.7) 10
29 | (898.3,708.4) 6 79 | (813.4,749.7) 1
30 (688.4,59.1) 3 80 (686.9,59.7) 10
31 (837.3,4.5) 2 81 (587.1,622.4) 2
32 | (4512,135.5) 1 82 | (838.2,680.4) 4
33 | (979.3,911.8) 8 83 | (249.7,842.5) 3
34 (678.9,93.3) 8 84 | (139.9,902.0) 7
35 | (751.6,714.2) 6 85 | (691.4,459.4) 3
36 | (633.8,217.0) 9 86 (747.3,36.0) 5
37 | (4529,133.7) 3 87 | (803.9,327.0) 7
38 (633.6,217.8) 1 88 (164.6,108.4) 3
39 | (884.4,613.9) 1 89 | (197.8,670.4) 5
40 | (197.1,5232) 6 90 | (820.8,610.2) 3
41 | (813.8,747.7) 5 91 | (140.8,904.6) 9
42 | (804.1,326.6) 4 92 | (546.3,965.4) 4
43 | (732.9,966.2) 3 93 | (886.8,613.1) 8
44 (690.1,460.2) 7 94 (671.5,318.9) 8
45 | (669.9,319.1) 7 95 | (248.7,842.9) 4
46 | (1959,6702) | 10 96 | (670.6,318.1) 7
47 (440.7,17.1) 2 97 | (613.3,477.1) 9
48 | (6702,3193) | 10 98 | (614.2,475.7) 5
49 | (585.1,624.2) 1 99 | (452.2,133.1) 7
50 | (896.5,708.4) 8 100 | (197.4,670.6) 4
is shown in Fig. 9. For this optimal cycle, D ., = 5110 m
and 7., = 1022 s ~ 0.28 h. For the target performance

gap € = 0.1, we have cycle time 7 = 13.95 h, vacation time
T... = 10.26 h, total charing time 13.95—-10.26—0.28 = 3.41 h,
and the objective n,,, = 73.55%.

Due to the large number of sensor nodes (i.e., 100) and the
potential large number of different outgoing subflows from each
sensor node (up to 100), it will take too much space to show
these subflows in the network (up to 10 000). For illustration,
we show flow routing (and rates) at nodes 1 and 4:

1) At node 1: Self-generated rate I2; = 3.0, outgoing flow

rates f1,02 = 0.3, f195 = 2.7, all in kb/s;

2) At node 4: Self-generated rate 24 = 5.0, incoming flow
rates f5 4 = 24.5, f39,4 = 21.5, outgoing flow rates f4 ; =
13.7, fi66 = 37.3, all in kb/s.

Corollary 1.1 says that each sensor node in the network is

fully charged to £, when the WCV departs its cell, which is
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Fig. 9. Optimal traveling path (assuming counterclockwise direction) for the
100-node sensor network. The 100 nodes are distributed in 32 cells, with the
center of each cell being represented as a point in the figure.

TABLE III
CELLS INDEX, LOCATION OF CELL CENTER, SENSOR NODES IN EACH CELL,
CELL TRAVELING ORDER ALONG THE PATH, AND CHARGING TIME
AT EACH CELL FOR THE 100-NODE NETWORK

Cell Location of Sensor nodes Travel Tk
index | cell center (m) | in the cell order (s)
1 (1404, 904.1) 1, 84, 91 26 157
2 (452.3, 134.8) 32, 37,99 2 314
3 (837.0, 6.2) 31, 52 6 157
4 (687.1, 60.0) 30, 80 4 157
5 (897.8, 710.1) 29, 50, 70 21 157
6 (820.8, 609.5) 28, 57, 90 17 628
7 (804.6, 352.3) 27 10 157
8 (9909, 618.9) 26, 59 20 157
9 (91.8, 969.6) 25,75, 78 25 157
10 (197.1, 670.3) 24, 46, 89, 100 28 2510
11 (731.7, 964.9) 23,43, 74 23 314
12 (249.8, 841.0) 22, 58, 83, 95 27 471
13 (670.9, 317.2) 21, 45, 48, 94, 96 8 314
14 (164.7, 109.1) 20, 54, 77, 88 32 471
15 (751.9, 714.7) 19. 35, 67. 71 14 314
16 (634.5, 216.7) 18, 36 ,38, 53, 55,72 7 157
17 (804.6, 328.9) 17, 42, 87 9 157
18 (885.6, 614.2) 16, 39, 93 18 157
19 (812.7, 749.8) 15, 41,79 15 157
20 (440.1, 15.6) 14, 47, 64 1 157
21 (585.9, 623.5) 13, 49, 61, 73, 81 13 157
22 (614.3, 476.2) 12, 51, 63, 97, 98 12 314
23 (918.0, 516.0) 11, 76 19 157
24 (691.2, 459.9) 10, 44, 85 11 157
25 (837.0, 679.7) 9, 65, 69, 82 16 157
26 (747.9, 34.3) 8, 56, 86 5 157
27 (322.6, 331.3) 7, 66 31 2353
28 (545.4, 964.9) 6, 92 24 157
29 (197.1, 525.3) 5, 40 29 784
30 (326.7, 380.4) 4 30 157
31 (679.0, 92.8) 3, 34, 62,68 3 157
32 (978.8, 911.1) 2,33, 60 22 314

confirmed by our numerical results. By Property 3, we find that
in an optimal solution, there exists at least one equilibrium node
in each cell k£ € Q. In our numerical results, all 32 cells contain
equilibrium nodes.
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Fig. 10. Energy cycle behavior of an equilibrium node (node 24, in solid curve)
and a nonequilibrium node (node 89, in dashed curve) in the 100-node network.
Node 89 is also a bottleneck node.
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Fig. 11. Achievable objective value as a function of node density under multi-
node and single-node charging technologies.

To examine energy behavior at sensor nodes, consider sensor
nodes in cell 10. There are four sensor nodes in this cell,
nodes 24 and 46 are equilibrium nodes, while nodes 89 and 100
are not. Fig. 10 shows the energy behavior of node 24 (solid
curve) and node 89 (dashed curve). Note that node 24 does not
have any saturation period except in the initial first cycle, while
node 89 has saturation period in every cycle.

By Property 2, we find that there exists an energy bottleneck
node in the network with its energy dropping to £, during a
cycle. This property is also confirmed in our numerical results.
This bottleneck node is the 89th node, whose energy behavior
is shown in Fig. 10.

C. Scalability Comparison

In this section, we demonstrate how multi-node charging can
address the scalability problem in wireless energy transfer. We
consider | Q| = 25 cells and increase node density in these cells
from 1 to 8 per cell. For each density, we compare multi-node
charging with single-node charging. Fig. 11 shows the numer-
ical results. We have two observations.

1) The achievable objective value under multi-node charging
remains steady when node density increases from 1 to 8,
with only slight decrease. On the other hand, the achiev-
able objective value under single-node charging drops very
quickly when node density increases, and a feasible solu-
tion does not exist when node density is beyond 5.



This article has been accepted for inclusion in a future issue of thisjournal. Content is final as presented, with the exception of pagination.

TABLE IV
DETAILS OF COMPARISON BETWEEN MULTI-NODE CHARGING AND
SINGLE-NODE CHARGING

Density Multi-node Charging Single-node Charging
(Nodes T 2keo Tk Nvac a ke Tk Nvac
/Cell) (h) (h) (h) (h)
1 8.28 1.59 77.59% 8.12 1.84 75.58%
2 8.27 1.59 77.58% 4.72 1.46 65.75%
3 8.22 1.58 77.57% 7.32 3.86 45.24%
4 8.24 1.58 77.57% || 5.64 4.06 25.29%
5 7.21 1.76 74.91% || 6.20 5.58 7.54%
6 8.28 1.79 75.19% - - -
7 7.33 1.75 72.50% - - -
8 6.83 1.77 70.11% - — -

2) Over the entire density range (from 1 to 8), the objec-
tive value under multi-node charging is always higher than
that under single-node charging, and the gap between them
widens as density increases.

Table IV gives more details for the study shown in Fig. 11.
Note that under multi-node charging, the achievable objective
value at density 6 is slightly larger than that at density 5. This
local fluctuation is due to more possibilities for routing when
density increases. However, this is only a local fluctuation. The
prevailing trend is that 7___ decreases as density increases.

vac

VIII. CONCLUSION

In this paper, we exploited recent advances in multi-node
wireless energy transfer technology to charge the batteries of
sensor nodes in a WSN. Our approach was to develop a formal
optimization framework by jointly optimizing traveling path,
flow routing, and charging time at each cell. By employing dis-
cretization and a novel reformulation-linearization technique,
we developed a provably near-optimal solution for any desired
level of accuracy. Using numerical results, we demonstrated
the advantage of multi-node wireless energy transfer technology
and showed how it addressed the charging scalability problem
in a dense wireless sensor network.

APPENDIX

Proof of Lemma 1: The “only if” part of the lemma [i.e.,
(6) and (7) are necessary conditions] was already proved in the
discussion in Section III-D. We now prove the “if” part of the
lemma, i.e., if (6) and (7) hold, then e;(¢) > FEu;, forallt > 0,
i€ N.

Recall that, to have e;(#) > Fmin, ¢ € A, it is sufficient to
have e,(m7 + ag) > Fmin, form € N, 7 € N. We consider
ei(ag) and e;(m7 +ay) form > 1, respectively. The first cycle
(i.e., m = 0) is solely considered since it starts with Fax,
and the succeeding cycle (i.e., m > 1) starts with a nonfull
energy level. Note that for all cycles, the traveling path P, time
intervals 7, 7,,, 7., and 7, the flow rates f;; and f;z, and
power consumption p; are identical.

When m = 0, we show that e;{ar) > Fmin. We see that

Blj((lk,) = 61(0) —pi O = Erﬂax — Pi - Gk

> Emaxfpi'(ﬂrf'rk) ZEmim i E-/\/'

where the second equality holds due to e;(0) = E,,x, the third
inequality holds due to @, 4+73, < 7, and the last inequality holds
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due to (6). That is, each sensor has sufficient energy to support
itself until the WCV’’s first arrival.

Now we show ¢;(mT + az), m > 1. It is sufficient to show
ei(T+ar) > Emn ande;(27) = e;(7). It follows that e; (m7 +
) > Fmin for all m > 1 due to periodicity.

To show e;(7 + ap) > Emim, we have

ei(t+ar) =cilar + 1) — [(7+ ar) — (ar + )] - i
eilar + 1) — (7 — 7) - ps

where Eii(&k + Tk.) = n]ill{ei((lk,) + ((]i - PL) . TkyEmax}
considering that node ¢ € N} may be under saturation state
during [ag, aj, + 71]. We find that

eilaw) + (Ui —pi) - Tx
= ¢i(0) —ay - pi + (Ui — pi) - 7%
=Fmax — (@ +72) - pi +U; - 7%
> Enax — 7 pi + Ui -7
> Fnax

where the second equality holds due to €;(0) = E\ax, the third
inequality holds due to az + 7= < 7, and the last inequality
holds due to (7). We then have

e'i(a'k + Tk) = Enlax (26)
Therefore
ei(t+or) =e(ar +71) — (7 —718) i
= Emax - (T - Tk) “Pi
2 Emin (27)
where the last inequality holds by (6).
We also show that ¢;(27) = e;(7). We find that
ei(7) = eilar + 1) — (T — ar, — %) - pi
= Emax - (T — dE — Tk‘) ©Pi (28)

where the second equality holds by (26). We also have

ei2ry=e T4+ ap + 1) — [27 — (T + ar + 11)] - ps

=e(T4+ar+71)— (7 —ar — ) - pi

where e;(T4ar+7%) = min{e;(7+ar)+(Ui—p:) T, Bmax |-
It follows that

ei(m +ax) + (Ui — pi) - 7
= Buwax — (7 — ) pi + (Ui = pi) - 7%
=Fuyax — 7 pi+ Ui 1
> Erpax

where the first equality holds by (27), and the last inequality
holds due to (7). We then have

61',(7' +ar + Tk:) = Elnax (29)
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and it follows that

ei(21) =e;(r +ar + 1) —
= Ematx -

= 61',(7')

(T_(Lk_Tk)'pi

(1 —ar — %) pi

where the second equality holds by (29), and the last equality
holds by (28).

Therefore, if both constraints (6) and (7) are satisfied, e; () >
Enforallt > 0,i € N. ]

Proof of Property 2: The proof is based on contra-
diction. Suppose there exists an optimal solution ¢* =
(r*, 77 T 5 fig,pi), where none of the nodes in the
network have thelr energy level ever drop to FEy,, ie.,
e (7" 4+ a}) > Fuyn for all « € A. Then, we can construct

a new solution ¢ = (7,7, _, Tk, f”, sz pPi) by choosmg
v = nun,E/\/thQ{Em“—;E)';‘“} 1 and letting 7 = (14+~)7*
T, = (1 =+ "Y)Tk-" vac 7':; + 'Y(T* - ZkeQTk) fl] = f”a

fip = f{p,and p; = p}.

Now we show ~v > 0. Since eX(t* + a}) > FEmia for all
i € N,wehavee! (7" +a}) = Epax— (7% — 77 )p} > Epmin for
all¢ € N, ie., minjen, keg{Emax — (7° — 70)0F} > Fmin.
It follows FEuyax maxien, keo{(™* — )it >

. Emax—Fmin —
Emm, or qulewk Lgo{(”r - )p B > 1. Thus, Y =
max — Erax—Emin

Inlan./\/x< kEQ{ (r* -7 )1;111 } - 1 = max; e n, weof(r? -7 Yer} -
1>0. '

The feasibility of ¢ can be verified similarly as that in the
proof of Property 3. We now show that this new feasible solution
 can offer a better (increased) objective value. By (8), we have

T T Z Q "

Do = 1771’7"% Since 7 = (14+~)7*, 7. = (14+~)75,
=%, itfollows that o= = 1 £ N
e~ Te P (I+y)77 1+

1_— T_P - @ = TT ie, fe= > This contra-

dicts the assumptlon that ¢* is an optimal solutlon The proofis
complete. ]

Proof of Property 3: The proof is based on contra-
diction. Suppose there exists an optimal solution ¢ =
(fij, fis0isM.es ) to problem OPT, where there is no
equilibrium node in some cell & e Q ie., pi — U; -m < 0O for
alli € Ny. Let Qup, = {klp; — Ui - . < 0,1 € N} be the set
of these cells. We show how to construct a new solution ¢ with
a better objective value, thus leading to contradiction. Define

¢ = (fij. fin. Dir N i) by letting

ftj = fi,j sz fip Di=p; 30
e ifk ¢ Qu,
"o { mex{piENe) itk € Qu, Gh
fleee = Miniens ke § 1= Y
JjEQ
~ g (i) g G2)

Now we show that ¢ is feasible to problem OPT. By
feasibility, we mean that it meets the flow conservation con-
straint (2) and the energy constraints (3), (10), and (11). Since ¢

is a feasible solution, it satisfies (2), (3), (10), and (11). By (30),
¢ also satisfies constraints (2) and (3). Constraints (10) can be
verified directly from (32). Now we consider constraint (11),
which can be easily verified for & ¢ Q. due to p, = p; and
(31). For k € Qub, pi — Ui - 7. = p; — max{p;|j € Ni} <0,
where the equality holds due to $; = p; and (31). Therefore, ¢
is feasible to problem OPT.

We now show that this new feasible solution ¢ can

offer a better (increased) objective value, ie., 7. > 7.
T
Let g(m,me - ome) = 1 = Pieoti — Emiobmm -

maxien; keo{(l — 7e) - pi}, and assume that ¢ €
is a particular cell such that (1 — #,) - maxjen;, {pi} =
maxien;, keo{(l — %) - pi}. Then, we have

%:{_1+E

e -1,
We show g{ - ) is a decreasing function of variables 7, for k €
Q. 1t is sufficient to show that ag( ) < 0fork € Q. Clearly,
we only need to consider the case ofP =gq. Wesee Ty - D5 <
(1 —7) i < Fumax — Fmin, @ € N, where the first inequality
holds due to 7., + 7 < 7, and the second inequality due
to (6) [which is a reformulation reversely from (10)]. We have

Trgp

S ifk=gq

otherwise.

: n]aXZEJVq {pz}?

max

ETXTjF]’_J -maxien, {pi} < 1, or 2 ) < 0 for the case of
k=gq.

Now we are ready to show .. > n,... Fork € Q.1, we
have 7, = mdx{p LeeNe} where the equality holds by

3 1) and the 1nequa11ty holds by the definition of Q. By (31),
w = ng for &k ¢ Q. Since g(-) is a decreasing function
of variables 7, and Qu, # 0, we have g(7j1, 72, ..., %0)) >

g1, m2: - M) Therefore, fae = 901725+, T0)) >
g(n,m2,---,Mm0o|) = N,... where the equality holds due to (32),
and the last inequality holds since ¢ satisfies (10). This contra-
dicts the assumption that ¢ is an optimal solution. Therefore,
there exists at least one equilibrium node in any hexagonal cell
k € Q in an optimal solution. This completes the proof. [ |
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