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Abstract— In this paper, we consider a UWB-based ad
hoc network and study how to maximize data rate utility
for a group of communication sessions. We formulate the
data rate utility problem into a nonlinear programming
(NLP) problem through a cross-layer approach by taking
into consideration of scheduling and power control at link
layer and routing at network layer. The main contribution
of this paper is the development of a solution procedure
based on branch-and-bound framework. We employ a
powerful optimization technique called reformulation lin-
earization technique (RLT) to obtain a linear relaxation,
which is a key component required in the branch-and-
bound framework. Numerical results demonstrate the im-
portance of cross-layer approach and offer some important
insights.

Index Terms— Nonlinear programming, optimization,
cross-layer design, ultra-wideband (UWB), ad hoc net-
works, data rate utility, scheduling, power control, routing,

I. INTRODUCTION

In this paper, we consider a group of source-
destination communication pairs, which we call sessions,
in UWB-based ad hoc networks. The objective is to
maximize the total utility, where a session’s utility is
defined as the log function of its data rate [11]. Clearly,
this optimization problem involves issues from different
layers, i.e., link layer scheduling, power control, and
network layer routing. The link layer scheduling com-
ponent deals with how to use time slots for transmission
and reception. The power control component considers
how much transmission power a node should use in a
particular time slot. Finally, the routing problem at the
network level considers what set of paths the data from
a source node should take to its destination node.

We aim to investigate the problem through formal
nonlinear optimization technique. The outcome of this
effort will fill in a critical theoretical gap on this problem.
It will also contribute some important understanding,
some of which were overlooked by prior research efforts.
The main contribution of this paper is the development of
a solution procedure to the nonlinear programming prob-
lem based on the branch-and-bound framework [8] and
a powerful technique called Reformulation-Linearization

Technigue (RLT) [13]. During each iteration of the
branch-and-bound procedure, it is important (from com-
putation perspective) to select a partition variable. We
propose a partition variable selection policy not only
based on the relaxation error, but also based on their
relative significance in our problem. It turns out that such
policy offers a solution much faster than the policy that
is solely based on relaxation error.

In our numerical results, we further explore the prop-
ertics of this cross-layer optimization problem. First
and foremost, we show that performance gap between
a cross-layer formulation and a decoupled-design is
huge, thereby underlining the importance of cross-layer
optimization. In addition, we observe that the number
of time slots does not need to be large to have near-
optimal performance. This result is important in practice
as fewer number of slots will lead to less computation
time in solving the optimization problem.

II. NETWORK MODEL AND OPTIMIZATION SPACE

We consider an ad hoc network consisting of N nodes

and L uni-directional source-destination communication
sessions over a two-dimensional arca. We now take
a closer look at each components of this cross-layer
optimization problem.
Scheduling. At the link level, the scheduling problem
deals with how to coordinate transmission among the
nodes in each “time slot.” An important constraint that
must be met is that a node cannot send and receive data
within the same time slot. Given the number of time
slots K, denote 1y the normalized length for time slot k,
1.c., the length of time slot & over the total length of all
different time slots. We have

Power Control. Power control problem deals with
how much power a node should employ to transmit data
in a particular time slot. Denote pfj as the power that
node 7 expends in time slot & for sending data to node
7. Although a node cannot send and receive within the
same time slot, a node can transmit to multiple nodes



within the same time slot. The total power that a node
1 can expend at time slot & must satisfy the following
power limit [16],
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where 7; is the set of one-hop neighbors of node ¢. This
requirement comes from the power density limitation of
UWB, ic.. gnom 2. jer. Pij/W < Qumax, Where Py =
Q;‘I‘;‘)’I‘HW (Qmax 18 the maximum allowed transmission
power spectral density, gnom 1S the gain at some fixed
nominal distance [12], and W = 7.5 GHz is the spectrum
for the UWB network.

A widely-used model for power gain is

9ij = di;* (D
where d;; is the distance between nodes ¢ and j and o
is the path loss index. Denote Z; as the set of nodes that
can make interference at node ¢ and 7 as the ambient
Gaussian noise density. Then the achievable rate from
node ¢ to node j within time slot % is
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Routing.  The routing problem at the network level
considers, for a session [, 1 <[ < L, how to relay a rate
of r(l) from source node s(/) to the destination node
d(l). To take advantage of the multi-path availability
within an ad hoc network (i.e., network diversity), we
allow a source node to split its data into sub-flows and
take different paths to the destination node. Denote f;;(1)
the data rate that is attributed to the [/-th session on link
(i,7). If node 7 is the source node s(I), then
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If node ¢ is an intermediate relay node, i.e., 7 # s(I) and
i # d(1), then we have the following flow balance:
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If node 7 is the destination node d(l), then
> Fmill) =1 (5)

meT;
It can be casily verified that if (3) and (4) are satisfied,
(5) must be satisfied. As a result, there is no need to list
(5) in the formulation once we have (3) and (4).
Since the sum of data rates on link (4,5) cannot be
greater than the link capacity, we have
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III. MAXIMIZING DATA RATE UTILITY PROBLEM

In this section, we formulate the maximizing data
rate utility problem as an optimization problem. We
use Zle Inr(l) as a utility metric in the network
optimization problem, although our proposed solution
procedure is general and can be applied to other utility
functions. The motivation for this choice is that such
log-based utility function can make a good compromise
between fairness and efficiency [10].

To ensure that a node cannot send and receive within
the same time slot, we introduce the notion of self-
interference parameter g;; [7] with the property of
gj; > max{g;; : ¢ € T;} and incorporate this into the
bit rate calculation in (2)
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0, i.e., node j is transmitting to
a node ¢, we have cfj ~ 0 even if pfj > 0. In other
words, when node j is transmitting to any node ¢, the
link capacity on link (4, ) is effectively shut down to 0.
To write (6) in a more compact form, we re-define Z; to
include node 7. Thus, (6) is now in the same form as in
(2). Denote Y = > meT geTon gmipfnq. We have

Thus, when any pg?q >
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The maximum utility problem (MUP) can now be

formulated as follows.
Maximum Utility Problem (MUP):
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To remove the non-polynomial term in (7), we use
the linear rate-SINR property that is unique to UWB.
That is, we have a linear approximation for log function,

ie, In(l + 2) = x when 0 < z < 1. We have cfj =
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Finally, without loss of generality, we let #; have the
following property: ¢; < £ < --- < t,. This ordering
will help speed up the computation.

With the above re-formulations, we now have a revised
MUP (or R-MUP) formulation, which is a nonlinear
programming (NLP) problem and is NP-hard in general
[3]. In the next section, we develop a solution pro-
cedure based on branch-and-bound [8] and the novel
Reformulation-Linearization lTechnique (RLT) [13] to
solve this NLP problem.

IV. A SOLUTION PROCEDURE TO R-MUP

We find that branch-and-bound approach is most
effective in solving our problem. Under the so-called
branch-and-bound approach, we aim to provide a (1 —¢)
optimal solution, where ¢ is a small positive constant
reflecting our desired accuracy in the final solution.
Initially, branch-and-bound analyzes all variables in non-
linear terms (denote these variables as partition variables)
and determines the value intervals for these variables.
By using some relaxation technique, branch-and-bound
obtains a linear programming (LP) relaxation for the
original NLP problem; its solution provides an upper
bound (UB) to the objective function. With the re-
laxation solution as a starting point, branch-and-bound
uses a local search algorithm to find a feasible solution
to the original NLP problem, which provides a lower
bound (L.B) for the objective function. If the obtained
lower and upper bounds are close to each other, ic.,
LB > (1 — ¢)UB, we are done.

If the relaxation errors for non-linear terms are not
small, then the lower bound LB could be far away
from the upper bound U B. To close this gap, we must
have a tighter LP relaxation, i.e., with smaller relaxation

errors. This could be achieved by further narrowing down
the value intervals of partition variables. Specifically,
branch-and-bound selects a partition variable and divides
its value interval into two intervals by its value in the
relaxation solution. Then the original problem (denoted
as problem 1) is divided into two new problems (denoted
as problem 2 and problem 3). Again, branch-and-bound
performs relaxation and local search on these two new
problems. Now we have LBy and U B, for problem 2
and L Bs and U B3 for problem 3. Since the relaxations
in problems 2 and 3 are both tighter than that in problem
1, we have UBQ,UBg < UBl and LBQ,LBg > LBl
The upper bound of the original problem is updated
from UB = UB; to UB = max{UBy,UB3} and the
lower bound of the original problem is updated from
LB = LB to LB = max{LBy,LBs3}. As a result,
we now have smaller gap between UB and LB. If
LB > (1 — e)UB, we are done. Otherwise, we choose
a problem with the maximum upper bound and perform
partition for this problem.

Note that during the iteration process for branch-and-
bound, if we find a problem z with (1 —e)UB, < LB,
then we can conclude that this problem cannot provide
much improvement on LB. That is, further branch on
this problem will not yield much improvement and we
can thus remove this problem from further considera-
tion. Eventually, once we find LB > (1 — )UB or
the problem list is empty, branch-and-bound procedure
terminates. It has been proved that under very general
conditions, a branch-and-bound solution procedure al-
ways converges [13].

In the rest of this section, we develop important
components in the branch-and-bound solution procedure.

Initial Value Intervals for Partition Variables. For
R-MUP, i, pfj, cfj, r(l), and Yf are the variables that are
in nonlinear terms whose value mtervals are candidates
to be partitioned. It is ecasy to obtain the following
bounds: 0 <t < 7=z, 0 < Pf; < Prax, 0<¢f5 <

i1
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We now develop an upper bound for (). Since (1)
should be no more than the maximum transmission rate
from source node s(l) and the maximum receiving rate
to destination node d(l), we analyze these two end
rates individually. At source node s(l), its transmission
upper bound C;) can be calculated by having node
s(l) transmit to its nearest neighbor with peak power
on all time slots. Assuming the nearest neighbor of

s(l) 1s j, we have Cyy = Wlog, <1 + 95(1)7,7]'%>. At
destination node d(l), it turns out that an upper bound

for receiving rate Cy(y is achieved when each node
m € Ty transmits to d() with peak power in all time



slots [14] and we have
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Based on the rate analysis at source node s(I) and
destination node d(I) for the I-th session, we have 0 <
r(l) < min{Cyq), Cauy }-

Linear Relaxation. During each iteration of the
branch-and-bound procedure, we need a linear relax-
ation to obtain an upper bound of the objective func-
tion. For the polynomial term, we propose to employ
Reformulation-Linearization Technique (RLT) [13]. For
the non-polynomial term (i.e., log term), we propose
to employ three tangential supports, which is a convex
envelope linear relaxation.

We first show how RLT can obtain a linear relaxation
for a polynomial term. Specifically, Y}kcfj, pfjcfj, and
tkpfj in (8) are polynomial terms. RLT enables to use
new variables to replace those polynomial terms and add
linear constraints for these new variables, thus relaxing
nonlinear constraint into lincar constraints.

As an example, we introduce a new variable ufj for
Y}’“ij, ie., ufj = ijcfj. Assume (ij)L < Yj’C & (ij)U
and (cfj)L £ cfj < (cfj)U, we have [YJ’“ - (Y]k)L] :
[ — (h)e) > 0. [} = (vF)] - (o — ] > 0
() =] [y~ (eh)a) > 0. and [(V) ~ Y]
[(¢f;)u — ¢;] > 0. From the above relationships, we
obtain the following /inear constraints (also called RLT

constraints [13]) for ;.

(Y - o + (b - V=, < (Y- (ch)p
(Yo - + () - YF —ul, > (Yo - ()
(YF)L - e+ (B)y - YF —uly > (V)L - (o
(Y]’“)U : cfj + (cfj)U ‘ ij - Uf] < (ij)U : (ij)U

Through this relaxation, we can replace ijcfj with u
in (8) and adding RLT constraints for uf] into the R-
MUP formulation. Following the same token, we can
have linear relaxation for all polynomial terms.

Now we show how to obtain a linear relaxation for
a non-polynomial term. We can denote h; = Inr(l) for
Inr(l). Note that the function y = Inz, over suitable
bounds of z, can be bounded by four segments (or a
convex envelope), where segments I, 11, and III are tan-
gential supports and segment IV is the chord (see Fig. 1).
In particular, three tangent segments are at (xy,Ilnzy),
(8,In8), and (2, Inzy), where § = Lfvlntv—lnze)
is the horizontal location for the point intersects extended
tangent segments I and III; segment IV is the segment
that joins points (x,Inxy) and (2, In zy). The convex
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Fig. 1. A convex envelope for y = Inz.

region defined by the four segments can be described by
the following four /inear constraints.

zr-y—z <zp(lnzy—1)
Bry—z<pP(Inp—-1)
2y -y —x <zy(lnzy —1)

(zv—2p)y+(Inzy—Inzy)r>zy - Inxp—xp - Inzy

As a result, the non-polynomial (log) term can also be
relaxed into linear objective and constraints.

Local Search Algorithm. For a problem z, the local
search algorithm determines a feasible solution ), based
on the relaxation solution 1/32, Denote t, p, and f as the
vectors for variables tk,pfj, Emd fi;(1), respectively. In
our local scarch, we set t = t.

Note that in R-MUP, we introduced the notion of self-
interference parameter to remove the binary variables in
MUP. Then in p, it is possible that ﬁfj > 0 and ﬁfm >0
for certain node ¢ within a time slot k. Therefore, it is
necessary to find a new p from p by changing some ﬁfj
or ﬁfm- to 0 such that no node can transmit and receive
within the same time slot. We follow the following two
guidelines when we set such transmission power to 0.
First, we try to maintain the same connectivity in ¢, as
that in 1/32, wherever possible. Second, we try to split the
total time slots used at a node ¢ into two groups of equal
length wherever possible, one group for transmission and
the other group for receiving. More details can be found
in [14].

After we obtain t and p for 4,, we can compute cfj
from (7). Then an optimal routing solution f (under t and
p) can be obtained by solving a concave optimization
problem through standard approach [14].

Additional Details. Note that branch-and-bound
chooses a partition variable in the nonlinear term with the
maximum relaxation error, where the relaxation error for
a nonlinear term is the difference between the value of
this term and the value of its corresponding new variable



TABLE I
DESCRIPTION OF 5 UNI-DIRECTIONAL SESSIONS IN A 15-NODE

NETWORK.

Session Index | s(!) = d(I) | Session Index | s(l) = d(i)
1 9=15 4 2=12
2 4=5 5 1=11
3 10 =2

20 4@
6
p 413
4'° 15
12 7 ¢
Sﬁj 4
11
i
&
1 ’ 12
| 45 i
2 9% d,

0 4 8 12 16 20

Fig. 2. A 15-node ad hoc network with 5 sessions.

in the relaxation solution. If this nonlinear term has
multiple variables, ¢.g., Yj’“cf-, then we need to choose
a partition variable from Y, and cf] Specifically, if
(vF) = (V)2) - min{F = (), (VR — V) >
((eij)o — (er) - min{ég; — ()L, (egf)u — &} we
partition on ij and obtain two new value intervals
[(Y]k) L,)Afjk] and [}Afjk, (YJ’“)U] Otherwise, we partition
on cfj.

For our specific problem, by exploiting the physical
interpretation of certain variable and weighing its sig-
nificance, further improvement can be made on partition
variable selection policy. For example, it is clear that
variable ¢ directly affects the final solution. As a result,
the algorithm will run much more efficiently if we give
it higher priority when we choose a partition variable.
This is precisely what we have done in our algorithm
implementation, where we give the highest priority to
the second highest priority to pfj, then cfj, and consider
Yf last when we choose a partition variable. Note that
this choice will not hamper the convergence property
of the algorithm [13], although it will vield different
computational time.

There are two types of problems that can be eliminated
before solving their LP relaxations. In the first case, if a
problem is found to be infeasible, then there is no need
to solve a full scale LP relaxation. For example, after we
partition on pfj, if a node must send and receive within

the same time slot in a new problem, i.c., (pfj) r > 0and

Total Utility

L
2 3

Total Number of Time Slots K

Fig. 3. The total utility as a function of total available time slots
K for five sessions.

Session 1: Node 9=>1

Session 2: Node 4=>5

Session 3: Node 10=>2

Fig. 4. Optimal routing for three sessions with K = 6

(p* )1 > 0, then this new problem must be infeasible.

In the second case, if a problem cannot provide
significant improvement, then there is no need to solve
a full scale LP cither. For example, after we partition
on (1), if (1 —¢) X1, In(r(1))y < LB, then this new
problem cannot provide significant improvement and can
be eliminated from problem list.

V. SIMULATION RESULTS

In this section, we present some important numerical
results to offer further insights on the optimization
problem. These results are important as they are not
obvious from our theoretical development of the solution
procedure in the last section.

We first describe the simulation settings. We consider
a randomly generated network of 15 nodes deployed over
a 20 x 20 area. There are 5 sessions (see Table I and
Fig. 2). All distances are based on normalized length in
(1). The path loss index is & = 2 and the nominal gain
is chosen as gnom = 0.02. The power density limit Qax
is assumed to be 1% of the white noise 7 [12].
Scheduling.  We first investigate how the total utility
is affected when the total available time slots K change.



TABLE I
TOTAL UTILITY AND RATE UNDER DIFFERENT TIME SLOT LENGTH
ALLOCATION POLICIES WITH K = 6 AND L. = 3.

Allocation of Normalized Time Slot Length | 2 Inr()) | S5 r(1)
Optimal: (0.14, 0.14, 0.14, 0.15, 0.21, 0.22) 11.61 149.14
Equal: (0.16, 0.16, 0.17, 0.17, 0.17, 0.17) 9.51 78.42
Random: (0.11, 0.11, 0.13, 0.16, 0.20, 0.29) 9.15 69.04
Random: (0.14, 0.15, 0.16, 0.18, 0.18, 0.19) 9.63 84.14

TABLE III
TOTAL UTILITY AND RATE UNDER DIFFERENT ROUTING
STRATEGIES FOR K = 6 AND L = 3.

Routing Strategy S lnr() | 2,00
Optimal Routing 11.61 149.14
Minimum-Energy Routing 9.39 117.25
Minimum-Hop Routing 8.63 53.99

One would expect the total utility is a non-decreasing
function of K. This is because the more time slots
available, the more opportunity (or larger design space)
for each node to avoid interference with other nodes, and
thus, this vields higher utility for the network. However,
there is a price to pay for having a large K. The larger
the K is, the larger the total length of all time slots in
a cycle, and thus the larger delay at each node. Further,
the larger the K, the larger the size of our optimization
problem, which means more computational time will
incur. Therefore, we wish to choose a suitably K that
can provide near-optimal performance.

The total utility under different K is shown in Fig. 3.
Since multi-hop is not allowed when K = 1 (a node
cannot send and receive within the same time slot),
the minimum required K is 2. As expected, the total
utility is a non-decreasing function of K. But what
really is interesting is that there is a “knee” point in
this performance figure, i.e., when K is beyond 6, there
is hardly much increase in the total utility. This suggests
that for practical purpose, it is sufficient to choose K = 6
time slots for this particular network.

We now show how the allocation of length for each
time slot affects the performance. To plot the complete
routing topology (multi-path for each session) legibly on
a figure, We use the first three sessions (I = 1, 2, 3)
in Table I for this investigation. Figure 4 shows an
optimal routing for these three sessions. Clearly, an
optimal routing for each session is a multi-path routing.
Given this routing topology, Table Il shows the results
under different allocation for normalized time slot length.
The first policy is the optimal length allocation obtained
via our solution to the NLP problem, which apparently

20
a8
N6 13 Session 1: Node 9=>15
3 4 osion It Node 971
16 |
|
‘\ 10 Session 2: Node 4=>5
o 4
12 ]
3ﬂﬁ 7 7
\\ 11" g Session 3: Node 10=>2
b ﬁ T PR
8 \w A
/ 8 ‘
1 / 12
4 ﬁ /Sﬁh/ ' 4
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Session 1: Node 9=>15

Session 2: Node 4=>5

Session 3: Node 10=>2

(b) Minimum-hop routing.

Fig. 5. Other routing strategies for L = 3 in the 15-node network.

offers the largest total utility. The second time slot length
allocation policy is equal allocation. Finally, we also
list the performance under two random time slot length
allocations. Note that equal allocation is not a good
policy and has about the same performance as a random
allocation policy.

Routing. For a given optimal time slot length (obtained
through our solution procedure), we now study the im-
pact of routing on our cross-layer optimization problem.
In addition to our cross-layer optimal routing, we also
consider the following two routing approaches, namely,
minimum-energy routing and minimum-hop routing. Un-
der the minimum-energy routing, the energy cost is
defined as d%j for link (7, ). Table III shows the results
in this study. Clearly, the cross-layer optimal routing
outperforms both minimum-energy and minimum-hop
routing approaches. Both minimum-energy routing and
minimum-hop routing are minimum-cost routing (with
different link cost). Minimum-cost routing only uses a
single-path, i.c., multi-path routing is not allowed, which
may not provide good solution. Moreover, it is very



likely that multiple sessions share the same path (see
path 7 — 8 — 5 in Fig. 5(a)). Thus, the rates for these
sessions are bounded by the capacity of this path.

VI. RELATED WORK

An overview of UWB technology is given [9]. Phys-
ical layer issues associated with UWB-based multiple
access communications can be found in [4], [5], [15] and
references therein. In this section, we focus our attention
on related work addressing networking related problems
for UWB-based networks.

In [6], Negi and Rajeswaran first showed that, in
contrast to previously published results, the throughput
for UWB-based ad hoc networks increases with node
density. This result demonstrates the significance of
physical layer properties on network layer metrics such
as network capacity. In [2], Cuomo et al. studied a
multiple access scheme for UWB. The impact of routing,
however, was not addressed.

The most relevant research to this work are [7]
and [11]. In [7], Negi and Rajeswaran studied how
to proportionally maximize rates in a single-hop UWB
network. In contrast, we consider a multi-hop network
environment where routing is also part of the cross-
layer optimization problem. As a result, our problem
is considerably more difficult. In [11], Radunovic and
Le Boudec explored the same problem as we studied
in this paper. The authors studied some simple cases
and attempted to generalize the results from these simple
cases to a network with general topology. Many of these
results are heuristic in nature. On the other hand, in this
paper, we have developed a formal solution procedure
to solve the complex cross-layer optimization problem
instead of resorting to heuristics.

VII. CONCLUSIONS

In this paper, we studied the data rate utility prob-
lem in a UWB-based ad hoc network. We formulated
the problem into a nonlinear programming with con-
sideration of link layer and network laver variables.
We proposed a solution procedure based on branch-
and-bound framework. A powerful technique that we
employed in branch-and-bound framework is the refor-
mulation linearization technique, which is able to replace
nonlinear terms in the constraints with linear ones.
Numerical results demonstrate the significance of cross-
layer consideration and offers insights on the impact of
cach component in the optimization space.
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