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Abstract— Since energy constraint is a fundamental issue for
wireless sensor networks, network lifetime performance has
become a key performance metric for such networks. In this
paper, we consider a two-tier wireless sensor network and focus
on the flow routing problem for the upper tier aggregation and
forwarding nodes (AFNs). Specifically, we are interested in how
to perform flow routing among the nodes when the bit rate
from each source node is time-varying. We present an algorithm
that can be used to construct a flow routing solution with the
following properties: (1) If the average rate from each source
node is known a priori, then flow routing solution obtained via
such algorithm is optimal and offers provably maximum network
lifetime performance; (2) If the average rate of each source
node is unknown but is within a fraction (¢) of an estimated
rate value, then network lifetime by the proposed flow routing
solution is within 12_55 from the optimum. These results fill in
an important gap in theoretical foundation for flow routing in
energy-constrained sensor networks.

Index Terms— Network lifetime, energy constraint, directional
antenna, power control, flow routing, variable bit rate, wireless
sensor networks.

I. INTRODUCTION

IRELESS sensor network is a special form of wireless
networks dedicated to surveillance and monitoring
applications. It is characterized by severe battery constraint on
each node. In this paper, we consider a two-tier wireless sensor
network for various sensing applications (see Fig. 1) [4], [6],
[71, [10]. A key performance measure for a wireless sensor
network is network lifetime [2], [6], [10]. For the two-tier
wireless sensor networks considered in this paper, whenever
a backbone node, also called aggregation and forwarding
node (AFN), runs out of energy, the sensing coverage for that
local area is lost. Therefore, the most stringent definition for
network lifetime is the time until any backbone AFN fails.
To conserve energy consumption, we assume each AFN
is equipped with directional antennas [18], [20], which are
capable of forming multiple beams at each node for flow
routing in the network. Further, we assume each beam’s dis-
tance coverage can be controlled by the beam’s transmission
power. In this network setting, we investigate the flow routing
problem for the upper-tier AFNs with the aim of maximizing
network lifetime. When the bit rate generated by each AFN is
a constant, the network lifetime optimization problem can be
solved by a linear program (LP) (see e.g., [2]). But in practice,
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the bit rate generated by each AFN is hardly a constant. As
a result, new algorithms addressing variable bit rates from
source nodes need to be developed.

In this paper, we study this flow routing problem for variable
bit rates from source nodes. The main result of this paper is
an algorithm that can construct a flow routing solution for
variable bit rate from each source node, with the following
network lifetime performance guarantees:

o If the average of each AFN’s time-varying bit rate is
known a priori, then the flow routing solution is optimal
and provides maximum network lifetime performance.

o If the average of each AFN’s time-varying bit rate is
unknown but can be estimated within an error bound of
e, then the network lifetime provided by the proposed
flow routing solution is provably to be within % from
the optimum.

The basic idea of the proposed algorithm is to employ a
constant bit rate auxiliary problem as a reference and con-
struct flow routing solution for the variable bit rate problem.
Specifically, the constant bit rate of each source node in the
auxiliary problem is defined as the average rate (either given
or estimated) of each source in the variable bit rate problem.
Since the auxiliary problem can be solved by a single LP as
in [2], we can conduct detailed analysis of flow at each link
and define a set of source nodes that contribute traffic on this
link and their corresponding bit rates. Consequently, we can
define a set of weights (or fractions) for the bit rate generated
by each source node on a particular link. By using the same set
of weights, we construct flow routing solution for the variable
bit rate problem.

The remainder of this paper is organized as follows. In
Section II, we present the network and energy models. In
Section III, we present a flow routing algorithm for the time-
varying bit rate problem. Subsequently, we show that if the
average data rate of each AFN is known, the flow routing
solution obtained via this algorithm offers provable maximum
network lifetime. In Section IV, we consider the case when
the average bit rate of each AFN is unknown. We show that
as long as the unknown average rate is within a fraction (¢) of
an estimated rate value, the network lifetime performance by
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the same flow routing solution is within ;=% from the optimal.

Section V reviews related work and Section VI concludes this
paper.

II. NETWORK AND ENERGY MODELS
A. Network Model

We focus on a two-tier architecture for wireless sensor
networks [4], [6], [7], [10]. Figures 1(a) and (b) show the
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Fig. 1. Reference architecture for a two-tier wireless sensor network.

physical network topology and a flow routing among AFNs
for such a network, respectively. As shown in these figures, we
have three types of nodes in the network, namely, micro sensor
nodes (MSNs), aggregation and forwarding nodes (AFNs),
and a base-station (BS). The MSNs constitute the lower-tier
of the network. They are deployed in groups (or clusters)
at strategic locations for various sensing applications. The
objective of an MSN is very simple: once triggered by an
event, it starts to capture sensing data and sends it directly to
its local AFN.

Within each cluster of MSNs, there is one AFN, which dif-
fers from an MSN in terms of physical structure and functions.
The primary functions of an AFN are: 1) data aggregation (or
“fusion”) for flows coming from the local cluster of MSNs,
and 2) forwarding (or relaying) the aggregated data to the next
hop AFN toward the base-station. Due to energy consumption,
each AFN has a limited lifetime. Upon the depletion of energy
at an AFN, the coverage for the particular area is lost. In this
paper, we define network lifetime as the time instance until
any AFN runs out of energy.

The base-station is the sink node for data generated at all
AFNs in the network. We assume that a base station is not
energy constrained.

In summary, the function of the lower-tier MSNss is for data
acquisition, while the upper-tier AFNs are used for data fusion
and forwarding the aggregated data toward the base-station.
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Our focus in this paper is on the flow routing problem for the
upper tier AFNs.

There are many benefits associated with such two-tier sensor
network architecture. First, the two-tier architecture can take
advantage of recent advances in distributed source coding
(DSC) for sensor networks, e.g., [3], [11]. Note that there
are correlations in data collected in neighboring MSNs. DSC
enables the removal of such redundancy through a distributed
compression algorithm which obviates the need for an MSN to
communication with its neighboring MSNs. Second, the two-
tier architecture alleviates the scalability problem associated
with sensor networking. Third, the two-tier architecture effec-
tively decouples information collection (at MSNs) and infor-
mation fusion/forwarding (at AFNs). The MSNs on the lower
tier can concentrate on sensing (with limited communication
capability), while the AFNs on the upper tier can focus on data
fusion and wireless networking. The data forwarding (routing)
problem on the upper tier can now be addressed separately and
independently from the data acquisition problem on the lower
tier. This approach enables us to optimize each component
for maximum efficiency, and also simplifies the control and
management of the network.

B. Energy Model

For an AFN, the transmission power can be characterized

by [20]
pe(i, k) = cir - fir

where p;(i, k) is the power dissipated when AFN i is trans-
mitting to k, f; is the rate of the flow from node i to node
k. c; is the power consumption cost for directional antenna
over link (i,k) and ¢, = a + 5553 - dif,, where « and 3 are
constant coefficients, 6 is the beam-width of the directional
antenna and is a constant in this paper, d;; is the distance
between nodes ¢ and k, n is the path loss index [14].

The power dissipation at the receiver of AFN ¢ can be
modeled as [20]

m#i
where f,,; (in b/s) is the incoming rate of received data stream
from AFN m.

The above transmission and reception energy model as-
sumes a contention-free MAC protocol, where interference
from simultaneous transmission can be effectively minimized
or avoided. For traffic pattern in this paper, a contention-free
MAC protocol is fairly easy to design (see, e.g., [17]) and its
discussion is beyond the scope of this paper. Table I lists the
notation used in this paper.

III. OPTIMAL FLOW ROUTING WITH
GIVEN AVERAGE BIT RATE
Our main focus in this paper is the flow routing problem
when the bit rate from each AFN is time-varying. We consider
a sensor network with a set of N” AFNs (JNV| = N). For each
AFN i € N, denote its rate as g;(t) and its initial energy as
e;. Let g; be the average of g,(t), i.e.,

gi = Elg:(t)] - (D
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TABLE 1
NOTATION.
Symbol Definition
N The set of AFNs in the network
N = | N/, the total number of AFNs in the network
e Initial energy at AFN 1
gi(t) Local generated rate at AFN ¢ at time ¢
g: (or g;) | Average (or estimated average) local generated rate
at AFN 1
P The flow routing problem under g;(t), i € N’
P (or 15) The flow routing problem under g; (or §;), i € N’
7 (or 7) Optimal flow routing solution to problem P (or ]3)
P Flow routing solution to problem P from solution
(or ) 7 (or )
T (or T) Maximum network lifetime for problem P (or ]5)
T* (or T) | Network lifetime for problem P from solution 7
(or )
€ The maximum estimation error on data rate, i.e.,
p Power consumption coefficient for receiving data
Cik Power consumption coefficient for transmitting
(or ¢;B) data from AFN 7 to AFN k (or base-station B)
a, B Constant terms in power consumption coefficient
for transmitting data
0 Beam-width of the directional antenna
n Path loss index
dik Distance from AFN 7 to AFN &
(or d;p) (or base-station B)
fir(t) For problem P, rate from AFN ¢ to AFN k
(or fig(t)) | (or base-station B) at time ¢
fik For problem P, rate from AFN i to AFN k
(or fiB) (or base-station B)
fik For problem I:’, rate from AFN ¢ to AFN k
(or fl B) (or base-station B)
H =1/T
H (or H)y | =1/T (or =1/T)
wyy, Percentage of data generated by AFN s transmitted
(or w;p) from AFN ¢ to AEN k (or base-station B)
fir(t) For problem P, data generated by AFN s and
(or f75(t)) | transmitted from AFN i to AFN k (or base-station
B) at time ¢
fa For problem P, data generated by AFN s and
(or ff5) transmitted from AFN ¢ to AFN k (or base-station
B)

Denote P as the flow routing problem under variable bit rate
sources g;(t) and P as the flow routing problem under constant
bit rate sources g;, 7 € N, with the same network configuration
and the same initial energy on each AFN.

In this section, we study the optimal flow routing problem
when g;(t) is time-varying but g; is known, i € N. We
show that the optimal flow routing solution for problem P
with variable source bit rates can be obtained by studying an
optimal flow routing solution for the auxiliary problem P with
constant source bit rates g;, ¢ € N.

A. Preliminary

We first consider the auxiliary flow routing problem P with
constant source rates g;, 1 < ¢ < N, and formulate it as
a linear programming (LP) problem. Denote 7' the network
lifetime, i.e., time until any node runs out of energy. Denote
fir. and f;p the flow rates from node i to node k and to
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the base-station B, respectively. We have the following flow
balance equations and energy constraints for each node i € N.

gi+ > fmi=Y_ fux+fin (@)
m#i K

Z pfmi + Z cikfic teipfip | T <e; 3)
mi k£

Eq. (2) states that, at each node 7, the data rate g; generated by
1 € N, plus total received data rates from other nodes, is equal
to its total outgoing (transmitted) bit rate. Inequality (3) states
that at each node 7 € N, the energy required to receive and
transmit its incoming and outgoing data rates cannot exceed
its initial energy over the period of network lifetime 7". Our
objective is to maximize the network lifetime 7' while both
(2) and (3) are satisfied.
Denoting H = 1/T, we have the following LP.

LP-Basic

Min H
st Y fa+fis—Y fmi=g  (1<i<N), &
k#1 m#i
Zmei"‘ZCikﬁk"’CiBﬁB_eiHSO 1<i<N), (5
fik,ﬁB,HEO (ISZ,I{?SN,Z#IC),

where (4) follows from the flow balance equation (2) and
(5) follows from the energy constraint (3). Note that H, f.;,
fir, and fip are variables and g;, p, ¢k, cip, and e; are all
constants. This LP problem is similar to that in [2] and can
be solved by standard techniques in polynomial time.

B. Optimal Flow Routing for Problem P

We now present an algorithm to obtain a flow routing
solution 1 for problem P that achieves a network lifetime
T* = T, where T is the maximum network lifetime under
an optimal flow routing solution 7 (obtained via LP) to the
constant bit rate auxiliary problem P in Section III-A. Then,
we prove that 7™ is also the maximum network lifetime for
problem P.

The main idea of the algorithm is as follows. Note that
in LP solution 7, we have found the aggregate flow rate on
each link but without any knowledge of what source nodes
have contributed traffic on this link. For variable bit rate
problem P, it is necessary to identify the specific source nodes
that contribute traffic on each link and the amount of such
contribution. That is, we first identify that, in the flow routing
solution 7, for each source node s, what is the fraction of data
generated by node s that is being forwarded by node i to node
k and to the base-station 1, which we denote as w;; and w;j.
Then for problem P, we keep the same w,, and wz when
constructing the flow routing solution .

More formally, under 7, denote f3, and f; the flow rates
generated by node s that are being forwarded by node 7 to node
k and to the base-station B, respectively. Then by definition,
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we have wj, = J;z’“ and wip = gf. Therefore,
fao= > fa= D wi-gs, ©)
SEN ,s#£k sEN ,s#£k
N N
fiz= F=> w0 (7)
s=1 s=1

The following algorithm constructs a flow routing solution
for variable bit rate source nodes and is the main result of this
paper.

Algorithm 1: (Flow Routing with Variable Rates)

1) We first define all wg), and wigz, 1 <4, k,s <N, i #k,

s # k, as follows.
a) (The case of source node.) Identify a source node
s € N such that w®, and w?; have not been
defined in previous iterations. If no such node
exists, go to Step 1(b).
For w,, k € N and k # s, and w?j, we have

s fSk
=" 8
ok fsB + Zr;ﬁs fsr ®
5= 2 ©)

w B~ 7  — 7 -
° fsB+Zr7£sfsr

Go to Step 1(a).

b) (The case of relay node.) Identify a source node
s € N and one of its relay node i € A (not
necessarily one hop relay), i # s, such that (i) for
all incoming links (m, i) to node i, w? , are already
defined in previous iterations and (i) w;;, and w;g
have not been defined in previous iterations. If no
such (s, ¢) node pair exists, we have already defined
all wj, and w;; and we can continue to Step 2.
For wi,, k € N and k # i, s, and wj;, we have

flk}
Wi, = Wiy (10)
b le—’_Zr;ézflez;;Z
sz
wig = Wi - (11)
B sz"_Zr#lfzrmZ#

Go to Step 1(b).
2) Define f/ (t) and f75(t), i.e., the respective data rates
generated by node s and forwarded from node ¢ to node
k and to the base-station B at time ¢ under 1), as follows:

fie(t) = wiy - gs(t) 12)
i (t) = wip - gs(t) - (13)
Then for f;(t) and f;p(t), i.e., the respective flow rates

from node 7 to node k and to the base-station B at time
t under 1, we have

fe@®) =Y f50) =Y wh-gs(t), (14
s;ék s#k
N
fi(t) Zle waB - 9s(t) (15)

s=1
Lemma 1: The ﬂow routmg solution v produced by Algo-
rithm 1 is feasible and has network lifetime T.
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Proof: The feasibility part can be proved by showing
that at each node, the flow balance property is maintained. To
show that the network lifetime under ¢ is 7T, it is sufficient
to show that the remaining energy on each node ¢ under both
v and 7 at time T is identical.

We first consider the part of incoming and outgoing data
flows at node 4 that originates from source node s, 7,5 € N.
If + = s, 1.e., node 7 is the source node s, we have

fiB fTik
(¢ s N
i) fip + 3 fir 1= fin ¥ 2 fir (%)
= | wip+) win | () =Fip)+>_fi(t) . (16)

ki ki

The second equality holds by the definitions of w;, and w;g
in (8) and (9). The last equality holds by the definitions of
5.(t) and f75(¢) in (12) and (13).
If i # s, i.e., node ¢ is a relay node (not necessarily one
hop away) for bit rate generated at s, we have

D Fi) =D whi - 95(t)

fin fik .
fiB"’Zr#ﬁr +gﬁ;fi3+zr¢1fir W%;iwmi gs(t)

= B+Zwk gs(t) = iSB(t)+Z i (0)

ki ki

a7

The first equality holds by the definitions of f7.(¢) in (12).
The third equality holds by (10) and (11). The last equality
holds by (12) and (13).

To verify flow balance, we have

43 fuilt) = 0:) + 3037 f2t)
m#i s#£i m#i
= JisO+ > S+ | fis)+ ) fi
k#1 VE) k#i
= t) + Z (1) Z i (t) + Z Z ()
s£i ki J#i ki

N N
= Y O+ falt) = fis(t) + ) fult)

s=1 s=1 k#i k#i

The first equality holds by the definitions of f;(¢) in (14). The
second equality holds by our results in (16) and (17). The last
equality holds by (14) and (15). Therefore, flow balance on
each node i € A holds.

For energy constraint, we first consider a flow f;x(¢), 1 <
i,k < N and i # k. We have

fie(t)dt = / wigs(t
/to g toz F

s#£k
= Yt [ b =Y it =l
s#£k t O s#£k
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The first equality holds by the definitions of f;x(¢) in (14).
The third equality holds by (1). The last equality by (6).
Similarly, we can show that jio fip(t)dt = fiBTZ. Thus, the
total energy consumed at node s € A over time T is

T
/o prmz +chkfzk )+ cisfig(t)| dt

m#i k#i

= Z pfmiT + Z cinfuT + cipfipT .
m#i k#i

Therefore, at time T the energy consumption at each node
i € N under ¢ for problem P is exactly the same as that
under 7 for problem P. Since at time T, there is at least one
node with zero remaining energy under P, T is thus also the
network lifetime for problem P. This completes the proof. B

The following theorem shows that T' is the maximum
network lifetime for problem P. That is, there does not exist
a flow routing solution that can produce a network lifetime
greater than 7" for problem P.

Theorem 1: Suppose that for each i € N, we have §; =
Elgi(t)]. Calculate ), the time-varying flow routing solution to
problem P, by Algorithm 1 based on problem P with average
rates G;, i € N. Then the network lifetime T under 1 is the
maximum network lifetime T* for problem P.

Proof: 1t is sufficient to show that problems P and
P have the same maximum network lifetime. First, since
Algorithm 1 and Lemma 1 show that there is a solution for
problem P with network lifetime 7', where T is the maximum
network lifetime for problem P, then the maximum network
lifetime for problem P is no less than that of problem P. We
now show that the maximum network lifetime for problem P
is also no less than that of problem P. Consequently, P and
P must have the same maximum network lifetime.

To show that the maximum network lifetime for problem
P is indeed no less than the maximum network lifetime for
problem P, it is sufficient to prove that, for a given optimal
flow routing solution ¢ for P with the maximum network
lifetime 7%, we can find a flow routing solution 7 for P with
the same network lifetime 7.

We now construct a flow routing solution 7 for P that has
the same network lifetime 7. For fik, 1 <i,k < N and
i # k, and f;p, we define

. T fu(t)dt
fo = Do JuOE (s)
_ " fip(t)dt
fis = fofTiB() (19)

We show that through such construction, both the flow balance
equation and energy constraint are satisfied for P. Conse-
quently, 7 is a feasible flow routing solution for P.

To verify flow balance at node ¢ € A/, we have

Git ) fmi=m /0 gi(t dt+Z/ Fni(t)

m#i m#i

- & / fip@)dt+Y / S (0)dt| = fip+ > fir -

k#i k#1
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The first equality holds by (1) and (18). The second equality
holds due to the flow balance equation in solution . The third
equality holds due to (18) and (19).

Similarly, to verify energy constraint at node i € N, we
have

> pfmil*+ Y cinfuT* + cipfisT™
m#i k#i

T
= ~/0 Z pfmz Zczkfzk

m#i k#i

by (18) and (19). Thus, at time 7™, the energy consumption
at each node i under 7 for problem P is exactly the same as
that under ¢ for problem P, i.e., the network lifetime under
7 is also T* for P. This completes the proof. [ ]

In a nutshell, the procedure to obtain an optimal flow routing
solution v to problem P has the following two steps: (1) First,
for problem P, we solve an LP problem and find an optimal
flow routing solution 7. (2) Second, based on 7, we apply
Algorithm 1 to get an optimal flow routing solution v for
problem P.

+czszB( ) dt

IV. NEAR-OPTIMAL FLOW ROUTING WITH
ESTIMATED AVERAGE RATE

Our investigation in the last section assumes that we have
precise knowledge of the average rates g; for the time-varying
source bit rates g;(t), ¢ € N. In that case, the flow routing
solution obtained by Algorithm 1 yields provably maximum
network lifetime. But in practice, §; may not be readily
available and the best thing we can do is to make an estimate
g; for g;. Denote problem P as the corresponding flow routing
problem with the same network topology and initial energy as
those under problem P. Since we have rate information for
problem P, we can obtain its network lifetime 7 using a single
LP similar to LP-Basic in Section III-A. Consequently, using
Algorithm 1, we can obtain a flow routing solution 7 (for
problem P) from this flow routing solution 7 (for problem
]5). In this section, we show that as long as the true average
is within a small € of the estimated average, i.e.,

|9 A— gil <e, (20)
Gi
for each AFN i € N, then the flow routing solution obtained
2¢e

via Algorithm 1 will yield a network lifetime 7" within ==
to the (unknown) maximum network lifetime 7™* for problem
P.

A. Analysis

Denote 7' the network lifetime to problem P under flow
routing T, flk and fl B the rates of flows from node 7 to node
k and to the base-station B, respectively. Although the average
bit rates g;, i € N, are unknown, we denote fictitious T, ﬁk,
fip, and 7 for reference purpose. The following lemma shows
the difference between 7 and 7.

Lemma 2: For each i € N, suppose
small €. Then the network lifetime T for problem P does not
deviate from the maximum network lifetime T (unknown) for
problem P by a fraction of @ <e

% < € for some
k3
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Proof: The proof is based on parametric analysis in
LP. First, since we have rate information for problem ]5, we
can obtain its network lifetime 7T’ using a single LP similar
to LP-Basic in Section III-A. Now we can use the same LP
formulation for network lifetime 7' (under problem P), with
the only difference being that each g; is now replaced by g;,
1 <4 < N.Since |g;—gi| < eg; for 1 <i < N, we show how
to obtain an upper bound of |T' — 7’| via parametric analysis,
which will prove the lemma. The following paragraphs give
the details of the proof.

Step 1. We first apply the LP-Basic formulation for T (under
problem P) and put it into the standard primal form as follows.
Max - H
s.t. S fi+ fin =D fmi = b (1<i<N)
ki m#i
prmi+20ikfik+ci3fi3—eiﬁ+5i:0 (1<i<N)
mi ki

firs fip, H,6: >0 (1<i,k<N,i#k)

Now we have an LP for problem P in the standard primal
form of Max cX, s.t. AX = b and % > 0, where X is a vector
of variables flk, le, H and 51, c is a vector having —1
corresponding to variable H and 0 corresponding to all other
variables; A is a matrix containing left hand side coefficients
in flow balance and energy constraints; b is a column vector
of right hand side in flow balance and energy constraints. The
dual problem has the form of Min \76, s.t. VA > ¢ with ¥
being unrestricted in sign [1].

Similarly, we can cast the LP-Basic formulation for T
(under problem P) into the standard primal form of Max cX,

s.t. AXx = b and * > 0. Note that both b and b are 2N
column vector with the i-th element being

and ;=0 for N+1<i<2N,21)

i)i:gi for ISZSN
b b;j=0for N+1<i<2N.

=g; for 1<i{<N and

Step 2. IfX* and V" are the optimal primal and dual solutions
for problem P, respectively, then the following dual property
exists,

V'b=cx*=—-H. (22)

Note that LP problems for P and P share the same vector
c and matrix A in the LP formulation, but with different right
hand side b, i.e., b = b for problem Pandb = b for problem
P. Thus, —H can be obtained through —H by changing b in
problem P to b. We now analyze the effect on the objective
cx by changing the i-th element of right hand side vector b;
from 51 to b;, 1 < i < N. Note that there is no need to change
b; for N++1 < i < 2N since b; = b; = 0 for N+1 < i < 2N.

Case (i). If the LP problem for P is non- degenerate, then
there exists an interval [l;,u;] with [; < b; and u; > b; such

that (Cx) = ¢} for b; € [l;,u;] [1]. Note that based on the

nature o{ prob}em ]5, we have 07 < 0. Therefore, a change in
b; from b; to b;, the objective cx will change by

U: . (bl — bz)

— 9i)l < 197] - €9 = e(=07bi) ,

where the first and the third equalities hold by (21) and the
second inequality holds by (20).

=07 - (g
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Case (ii). If the LP problem for problem P i§ degenerate,

i.e., there are multiple optimal dual solutions at b;, then there

exists an interval [I;,b;] with I; < b; such that 9 a(bcx) =
b.

min{v} : over all optimal dual solutions v*} for b; € [l;, b;]

[1]. Denote ¥* the optimal dual solution such that 07 =

min{v} : over all optimal dual solutions v*}. Thus, we have
0~ .
a(z:X) - or for b; € [li, bi]. (23)

Fpr this optimal dgal solution v*, there also exists an interval

[bi, u;] with u; > b; such that [1]

9% (cx)
ob;

= max{v] : over all optimal dual solutions v*}

bi

Y

oF for by € [by, u;). (24)

Note that based on the nature of
%t (cx)
ob;

to b;, then based on (23), the objective cx will increase by
% - (b; — b;)|. On the other hand, if b; > b;, i.e., we are
increasing l;i to b;, then based on (24), the objective cx will
decrease by at most |7 - (b; — b;) ‘ Combining the above two
scenarios, we conclude that a change in b; from 51- to b;, the
objective cx will change (either increase or decrease) by at
(B = b)| = 167 - (@ — )| < [97]-29: = e(=07by).

Therefore, regardless of whether problem P is non-
degenerate or degenerate, we have

problem P, we have
. < 0. Then if b; < b;, i.e., we are decreasing bi

most ‘@Z*

— |H—H|=|(~e%) -

(25)

where the fourth equality holds by (21) and the fifth equality
holds by (22). Therefore, we have % < e. This completes
the proof. [ ]

Due to the difference between g; and §;, the network
lifetime T under solution 7 for problem P will not be the
same as 1" under solution 7 for problem P. The following
lemma shows the difference between 7" and T is also bounded.

Lemma 3: For each i € N, suppose % < ¢ for some
small €. Then the network lifetime T under solution for
problem P does not deviated from the network lifetime T
under solution 7 for problem P by a fraction of |TT;T| <
c(i+e)

' EProof: From (20), we have (1—¢)g; < g;
i € N. For g; < (1+ ), we will show that 7' < (1 +¢)T.
For g; < (1 — €)g;, we will show that T < (1—e)T. As a
result, we have |T —T| <eT.

(i) We first consider g; < (1 +¢)g;. For 1 <4,k < N and
i # k, we have

T
L[ putta-

< (1+4¢)g; for

1 T
> / > unan(t
t

= s;ék
= e[ aa= 1w
s#k = s;ék
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< (1+e) ) wigs (26)

s#£k

where the first equality holds by the definitions of f;x(¢) in
(14); the third equality holds by (1); and the last inequality
holds by (20). Similarly, we also have

17T al
= i t < (1 ’nds -
7 a0 < (149> utsg

Thus, under 7, for each node ¢ € N, the average energy
consumption rate is

27)

_/ [prm )+ > confn(t +CzBle():|

m##i k#1

IN

(1+¢) (Zp Zwngb+zczk szkgb""CZB szng>

m#i  s#i k#1 s#k

k#1

(1+e (Z pfm + Zczkfzk + QszB) )
m#i

where the first inequality holds by (26) and (27) and the
second equality holds by (6) and (7) (for problem ]5). Note
that (Zm# pfmi + Zk# cikﬁk + ciBfiB) is the energy
consumption rate on node ¢ under 7. Thus, the average energy
consumption rate for any node i € A/ under 7 is no more than
(14 ¢) of that under 7, i.e., node ¢ under 7 has a lifetime at
least ﬁ of that under 7. Therefore, the network lifetime
T under 7 also will be at least 1%_6 of that under 7, i.e.
T> TorT<(1—|—6)T.

(ii) We now consider g; < (1—¢)g;. Following similar steps
in (i), we can show that T > (1-9e)T.

Combining (i) and (ii), we have |T — T| < eT. Therefore,

e(l+¢)
1—¢ °

T —T| eT T
Sl = < — <
T

T ~— T T

ol

The third inequality holds by the result in (ii). The last
inequality holds by % < 1+ ¢, which comes from (25). This
completes the proof. ]
The following theorem is the main result of this section.
Theorem 2: Suppose that for each i € N, we have
‘gqglgql < ¢ for some small . Calculate w, the time-varying
flow routing solution to problem P, by using Algorithm 1
based on problem P with estimated average rates §;, i € N.
Then the network lifetime T' under m does not deviated from
the maximum (unknown) network lifetime T* by a fraction of

I 2e
T — l—g°

Proof: Since T* = T by Theorem 1, we have

T-T T-T+
T

ﬂ>

T =T
T*

-T

T
T|§€+£(1+£): 2 7
1—¢ 1—e¢

T —-T| |T—
=—— +

< _
- T T

where the fourth inequality follows from Lemmas 2 and 3. B
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Fig. 2. Flow routing solution 7 for problem Pin Example 1.

TABLE I
LOCATION, ESTIMATED AVERAGE BIT RATE, AND INITIAL ENERGY FOR
THE 5-NODE EXAMPLE.

AFN 1 (CCZ‘, yl)(m) ﬁl (kb/S) €; (k])
1 (650, 100) 8 70
2 (200, 300) 9 65
3 (700, 200) 6 95
4 (450, 400) 4 80
5 (500, 600) 5 55

B. Numerical Example

We use the following example to illustrate how to apply
Algorithm 1 to obtain a flow routing solution and verify the
near-optimal performance of 7'. In the example, we set o = 50
nJ/b, 3 = 0.0013 pJ/b/m4, p = 50 nJ/b, and path loss index
n = 4 [5]. For beam-width, we set § = 30.

Example 1: Referring to Fig. 2, suppose that we have 5
nodes with location (z;,y;) (in meters), estimated average bit
rate §; (in kb/s), and initial energy e; (in kJ) listed in Table II.
The base-station (B) is located at (200, 500) m

Assume that the true average rates are g; = 8.7 kb/s, g2 =
8.1 kb/s, g3 = 5.6 kb/s, g4 = 3.6 kb/s, and g5 = 5.5 kb/s.
Comparing with Table II, we find the maximum estimation
error € on average bit rate is 10%. From Theorem 2, we have
an upper bound T=T < 2= = 22.22%. It turns out that the
solution obtained by Alg0r1thm 1 in this example has much
better performance than the proved bound.

Now we compute T;:T. By setting up an LP for problem
P, we have T = 84.24, which is the maximum network
lifetime for both problem P and problem P, ie., T" = 84.24.

Now we assume that the average rates are unknown and thus
we need to solve problem P. The optimal routing solution 7
(with T = 85. 32) for problem P is shown in Table IIL

We now compute w3, and w; by (10) and (11) as follows.
First, we compute w3, and wip for 1 < s,k <5 and s # k
by (8). For example,

1 frs
Wi3=7 7
fiB+> 20 fir

Next, we compute w3, and wjp for 1 <4, k,s <5,% # k, and
s # k by (10). For example, since we have wi; = 0.5817, we

4.6538

0.6374+4.65384-2.7088 05817
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TABLE III
INTER-NODAL FLOW RATES UNDER 7.
fi (kbls) fip (Kbls)
i | k=1 k=2 k=3 k=4 k=5 B
1 0 0.6374 | 4.6538 2.7088 0 0
2 0 0 0 0 0 9.6374
3 0 0 0 10.6538 0 0
4 0 0 0 0 1.5183 15.8443
5 0 0 0 0 0 6.5183
can compute
as 10.6538
wl, fs ! 0.5817 = 0.5817 .

= — —= w13 =
fan + 2#4 far 10.6538

Upon the completion of Step 1(a) and 1(b) in Algorithm 1,
we have the following values for wj,, and wig:
wiy = 0.0797, wiy = 0.5817, wi, = 0.3386, wi; = 0.0797,
wi, = 0.5817, wi; = 0.0804,
w}p = 0.8399, wly = 0.0804;
w35 = 1.0000;
wi, = 1.0000, wiy = 0.0874, wiy = 0.9126, w3 = 0.0874;
wis = 0.0874, wip = 0.9126, wiy = 0.0874;
w2 = 1.0000.
Based on these w;;, and w]p, in Step 2 of Algorithm 1, we
obtain the following flow rates via (14) and (15).
fra(t) = wizg1(t) = 0.0797g1(t),
fi3(t) = wizgi1(t) = 0.5817g:1(t),
fua(t) = wiygi(t) = 0.3386¢:(t),
fop(t) = wipgi(t) +w3pga(t) = 0.0797g1(t) + g2(t),
faa(t) = wiyg1(t) +w3ygs(t) = 0.5817g1(t) + g3(1),
fis(t) = wisg1(t) + wisgs(t) + wisga(t) = 0.0804g:(t) +
0.0874g3(t) + 0.0874¢g4(t),
fap(t) = wipgi(t) +wipgs(t) +wipga(t) = 0.8399g1(t) +
0.912693(t) + 0.912694(t),
fsB(t) = wipg1(t) + wipgs(t) + wipga(t) + wipgs(t) =
0.0804g1(t) + 0.0874g3(t) + 0.0874g4(t) + g5(t).

We now calculate the lifetime for each of the five nodes.
For node 1, we have

T
/ [e12 f12(t) + c13 f13(t) + c1a f1a(t)]dt
0

T
= / [612 . 0.079791 (t)+013 . 0.581791 (t)+014 - 0.338691 (t)]dt
0

T
/ 1.1875 % 107% - g1 (t)dt = 1.1875 % 10 % - g1 T
0
= 1.0331%10°T <e; =70 10°.

Thus, the energy constraint on node 1 shows that the network

e : 70%x10°3 _ 6
lifetime is at most T 10=2 = 6.7757 % 10° seconds, or

78.42 days. Following the same token, the energy constraints
on nodes 2, 3,4, and 5 show that the network lifetime is at

most 376.44, 86.80, 85.92, and 79.45 days, respectively. Thus,

the network lifetime 7' is 78.42 days. Therefore, T —

T*
84.24-78.42 — 6.91%, which is much smaller than the upper

1
bound of 22.22% calculated via Theorem 2. O

V. RELATED WORK

There has been active research on addressing issues asso-
ciated with energy constraints in wireless sensor networks.
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Several review papers (e.g., [9], [12]) have examined various
issues when designing an energy-aware sensor network. In this
section, we briefly summarize related efforts on power control
and network lifetime.

Power control capability has been under intensive research
at different layers in recent years. At the network layer,
most work on power control can be classified into two areas.
The first area is comprised of strategies to find an optimal
transmitter power to control the connectivity properties of
the network (see, e.g., [8], [13], [15]). A common theme in
these strategies is to formulate power control as a network
layer problem and then to adjust each node’s transmission
power so that different network connectivity topologies can
be achieved for different objectives. The second area could
be called power-aware routing. Most schemes use a shortest
path algorithm with a power-based metric (see e.g., [16],
[19]), rather than a hop-count based metric. However, energy-
aware (e.g., minimum energy path) routing cannot ensure good
performance of maximum network lifetime.

The notion of network lifetime has been a focus in sensor
networking research in recent years. The most relevant work
on network lifetime related to our research is [2]. As discussed,
the LP formulation in [2] can only address the simple constant
source bit rate case. The more difficult problem for time-
varying source bit rate has not been explored before this paper.

VI. CONCLUSIONS

In this paper, we studied flow routing problem for an
energy-constrained wireless sensor network where the source
bit rate could be time-varying. Our objective is to find a
flow routing algorithm such that the network lifetime can be
maximized. We presented a flow routing algorithm that has
the following performance guarantees: (1) When the average
source rate of each node is known a priori, the flow routing
solution obtained via our algorithm is optimal and gives max-
imum network lifetime performance; (2) When the average
source rate of each node is unknown but is within a fraction (&)
of an estimated rate value, the network lifetime given by the
flow routing solution using the proposed algorithm is within
12—_56 from the optimum. These results constitute an important
step in algorithm design for flow routing problems in energy-
constrained sensor networks.
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